arXiv:hep-th/0211232v2 30 Dec 2002 


MIFP-02-09 
OU-HET 418 
hep-th/U211^ 
November 2002 


Open Wilson Lines as States of Closed String 

Koichi MURAKAMIQ 

George P. and Cynthia W. Mitchell Institute for Fundamental Physies, 
Texas A&M University, College Station, TX 118f3-f2f2, USA 

Toshio NAKATSUfI 

Department of Physies, Graduate Sehool of Seience, Osaka University, 
Toyonaka, Osaka 560-0043, Japan 


Abstract 

System of a D-brane in bosonic string theory on a constant B field background is 
studied in order to obtain further insight into the bulk-boundary duality. Boundary 
states which describe arbitrary numbers of open-string tachyons and gluons are given. UV 
behaviors of field theories on the non-commutative world-volume are investigated by using 
these states. We take zero-slope limits of generating functions of one-loop amplitudes of 
gluons (and open-string tachyons) in which the region of the small open-string proper time 
is magnified. Existence of B field allows the limits to be slightly different from the standard 
field theory limits of closed-string. They enable us to capture world-volume theories at 
a trans-string scale. In this limit the generating functions are shown to be factorized by 
two curved open Wilson lines (and their analogues) and become integrals on the space 
of paths with a Gaussian distribution around straight lines. These indicate a possibility 
that field theories on the non-commutative world-volume are topological at such a trans¬ 
string scale. We also give a proof of the Dhar-Kitazawa conjecture by making an explicit 
correspondence between the closed-string states and the paths. Momentum eigenstates of 
closed-string or momentum loops also play an important role in these analyses. 
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1 Introduction 


Systems of interacting open- and closed-strings play important roles in several aspects of string 
theory. It has been found out that theories even formulated as pure closed-strings have open¬ 
string sectors when they are accompanied by D-branes . One of the most important features 
of such open-closed mixed systems is a duality between open- and closed-strings. This duality 
becomes manifest, for instance, by seeing one-loop diagrams of open-string as tree propagations 
of closed-string through modular transformations on the string world-sheets. In the systems 
of D-branes, this duality should be a rationale for correspondence between gauge theory on 
the world-volumes (open-string sector) and gravity theory in the bulk space-time (closed-string 
sector). AdS/CFT correspondence may be regarded as one of the most remarkable 

examples of such bulk-boundary correspondence. This viewpoint was emphasized also in [^. 

Nevertheless it becomes very difficult to establish the correspondence between the two. This 
is essentially because light particles (IR effects) in the one sector are realized by summing up 
whole massive towers (UV effects) in the other sector. When a constant B field background of 
closed-string is turned on, however, we expect that the situation could be drastically changed. 
On this background, the world-volumes of D-branes become non-commutative d] 0 Hi [H EOl • 
Low-energy effective theories of the open-string sector, therefore, become field theories on the 


non-commutative world-volumes. It was pointed out that in such theories there happens a 
mixing of the UV and the IR. This UV/IR mixing gives [M us a chance to capture some effects of 
light particles in the bulk gravity theories, e.g. gravitons, by investigating non-commutative held 
theories on the world-volumes. To pursue such possibility, non-planar one-loop amplitudes of 
open-string were studied on this background HI []^ [0 . Higher loops were investigated 

as well in El- 

Coupling of non-commutative D-branes to closed-string in the bulk has attracted much in¬ 
terest particularly from the viewpoint of bulk-boundary correspondence [|^ ||^| . It was pointed 
out in 1^1 1^1 that the generalized star-products arise in disk amplitudes consisting of a closed- 
string vertex operator and open-string vertex ones on a constant B held background. The 
generalized star products are also found to appear in straight open Wilson lines by the expan¬ 


sions in powers of non-commutative gauge helds [22|. These observations were combined in |23 


and it was shown there that in the zero-slope limit of |T^ disk amplitudes of a closed-string 
tachyon and arbitrary numbers of gauge helds on this background give rise to a straight open 
Wilson line. Thus it has been clarihed that open Wilson lines play a role in the correspondence 
between the bulk gravity and the non-commutative gauge theories. 

Open Wilson lines found in are remarkable gauge invariant objects in non-commutative 
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gauge theories. Gauge invariant operators in non-commutative gauge theories can be con¬ 
structed in the forms of local operators smeared along straight Wilson lines . It was 


also shown in that coupling of closed-string graviton to non-commutative gauge theories 
actually is an operator of this form. 

Open Wilson lines need not be straight in order to be gauge invariant. Taking account of 
the above role played by straight open Wilson lines in the bulk-boundary duality, Dhar and 
Kitazawa m conjectured that curved open Wilson lines fluctuating around a straight path 
should be brought about by higher level (stringy) states of closed-string. They showed that the 
coupling of graviton state is in fact the gauge invariant operator which appears in the leading 
coefficients in harmonic expansions of curved open Wilson lines around a straight path. 


It is well-known that the so-called boundary states provide a description of D- 

branes in closed-string theory. Open- and closed-strings interact on the branes in space-time. 
Therefore it is further expected that boundary states admit to describe these interactions. In 
this article, receiving the above development and understanding, we study the system of a 
D-brane in bosonic string theory on a constant B held background. In order to obtain further 
insight into the bulk-boundary duality, we hrst exploit the boundary state formalism to include 
states which describe arbitrary numbers of open-string tachyons and gluons. Open-string legs 
of these boundary states, that is, tachyons and gluons, need not to be on-shell. Thereby it 
becomes possible to study the duality. 

On a constant B held background, boundary state without open-string legs has been con- 
It is briehy reviewed in the next section. Let us denote the state by 


structed in 281 29 30 


\B). This state does not lead any couplings of a closed-string to open-string excitations on 
the world-volume. We may regard \B) as a perturbative vacuum of closed-string in the pres¬ 
ence of the brane. It is also possible to interpret the state as a Bogolubov transform of the 
S'L 2 (C)-invariant vacuum of closed-string : \B) = g\0), where is a suitable generator of the 
transformation. 

In Section we construct boundary states of open-string tachyons. Basic idea of the con¬ 
struction may be explained as follows. We hrst examine an insertion of a closed-string tachyon 
into the brane. Let us suppose that the closed-string world-sheet is an inhnite semi-cylinder 
(a, r) with r > 0 and that the brane or the state \B) is located at r = 0. We may describe the 
insertion by hmT-^o+ Vrio', t)\B), where Vr is a closed-string tachyon vertex operator. However, 
there occurs a singularity within Vr at the world-sheet boundary. This originates in correla¬ 
tions between the chiral and the anti-chiral sectors which are caused by the brane. We then 
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regularize such a singularity and define a renormalized tachyon vertex operator It turns 

out surprisingly that the renormalized operator becomes an open-string tachyon vertex at the 
boundary. In our prescription of the renormalization, disk Green’s function and the trans¬ 
form g~^VTg play essential roles. Boundary state of a single open-string tachyon is given by 
lim,-^o-i- 'r)|-B). Boundary states of arbitrary numbers of open-string tachyons turn out 

to be realized by the successive insertions of the above renormalized operators. As for boundary 
states of gluons, they can be obtained by taking the same steps as illustrated above, except that 
we need to introduce a suitable local operator of closed-string in place of Vt and renormalize 
it in a suitable fashion. These are presented in Section |^. Consistency of the constructions 
is examined from several aspects at some length. In particular, we compute closed-string tree 
propagations between these boundary states and make sure that they reproduce the corre¬ 
sponding open-string one-loop amplitudes. These are presented separately in Section for the 
tachyons and in Section ^ for the gluons. It is also worth noting that the present constructions 
are relevant on a vanishing B field background. 

Low-energy description of world-volume theories of D-branes is obtained by taking a zero- 
slope limit a' —> 0 so that it makes all perturbative stringy states (mass^ ~ of open¬ 

string infinitely heavy and decouple from the light states. As regards one-loop amplitudes 
of open-string, this can be achieved by taking the limit with fixed. Here is the 

proper time on the world-sheet of open-string. The fixed parameter becomes the 

Schwinger parameter of one-loop amplitudes of low-energy effective world-volume theories. It 
130000 that one-loop amplitudes of open-string tachyons on a constant 


is shown 


B field background reduce to those of a non-commutative (tachyonic) scalar field theory on 
the world-volume. The above zero-slope limit can be interpreted as magnification of the string 
amplitudes in the vicinity of = -|-cxo. In Section ^ we investigate a possible UV behavior 
of this non-commutative field theory. In order to know the UV behavior one needs to focus on 
the region 0. For the description we take the following route. We introduce a parameter 

fiF) = where is the closed-string proper time. and are related to each other 

through the modular transformation of the world-sheet by = 2a '‘^/Then we take a 
zero-slope limit with fixed. Existence of B field allows us to make the limit slightly different 
from the standard field theory limit of closed-string (gravity limit). This enables us to capture 
the world-volume theories. This zero-slope limit is magnification of the string amplitudes in 
the vicinity of = 0 and hence the region 5^°^ 0. Strictly speaking, this is a trans-string 

scale of the world-volume theories. Generating function of one-loop amplitudes of open-string 
tachyons is found out to be factorized at the limit into two (analogues of) straight open Wilson 
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lines exchanging closed-string tachyons. In general, one-loop amplitudes of open-string are 
factorized by a tower of closed-string states. In gravity limit the propagations of closed-string 
tachyons become dominant. Although the present limit is slightly different from gravity limit, 
these zero-slope limits share the common property. UV behavior of the non-commutative gauge 
theory is explored in Section ^ by following the same route. Generating function of one-loop 
amplitudes of gluons is also found out to be factorized at this limit into two straight open 
Wilson lines exchanging closed-string tachyons. These analyses indicate a possibility that held 
theories on the non-commutative world-volume become topological at such a trans-string scale 
of the world-volume. 


The conjecture leads us to expect that curved open Wilson lines somehow factorize 
generating functions of one-loop amplitudes of gluons or open-string tachyons. The standard 
factorization made by particle states of closed-string seems to be little use. Instead, momentum 
eigenstates of closed-string are used for the factorization. Closed-string momentum P(o') is a 
momentum loop (a loop in the momentum space) while closed-string coordinate X{a) is a 
space-time loop. Section ^ is devoted to introduction of coordinate and momentum eigenstates 
of closed-string. We also provide some observations on their relations with boundary states. 
Factorizations made by the momentum eigenstates are examined in Section for the tachyons 
and in Section ^ for the gluons. It turns out that in the zero-slope limit (the previous UV 
limit of the world-volume theories) momentum loops become curves in the non-commutative 
world-volume and that open Wilson lines along these curves appear in the factorizations. The 
generating functions are factorized by two curved open Wilson lines. More precisely, they 
become integrals on the space of curves with a Gaussian distribution around straight lines. As 
regards fluctuations from the straight lines, width of the distribution becomes so sharp that 
the integrals reduce to the previous factorizations by straight open Wilson lines. 

We start Section || by giving a proof of the conjecture made by Dhar and Kitazawa. We 
introduce the closed-string state |G(P)) =: exp daPfj,{a)X^{a)^ : | 0 ), where P{cr) is a 

momentum loop. This state is not an eigenstate of closed-string momentum but serves as a 
generating function of (generally off-shell) closed-string states. Overlap between |f2(P)) and 
boundary states with open-string legs is a generating function of couplings of all the closed- 
string states to the non-commutative D-brane. The overlap with the boundary states of gluons 
is shown to become a curved open Wilson line in the zero-slope limit. We make an explicit 
correspondence between the closed-string states and the coefficients of harmonic expansions of 
the curve. These provide the proof. We also show that in the zero-slope limit the momentum 
eigenstate is identihed with the state |r2(P)) after some manipulation. This accounts for the 
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previous factorizations by curved open Wilson lines. 

Wilson line is invariant under reparametrizations of the path. The corresponding transfor¬ 
mations on the string world-sheet are reparametrizations of the boundary. The reparametriza- 
tion invariance of boundary states is fulhlled by imposing the Ishibashi condition or equiv¬ 
alently the BRST invariance on these states. As regards the boundary states of open-string 
tachyon and gluon it is shown in Sections ^ and that their reparametrization invariance is 
equivalent to the on-shell conditions. On the other hand we do not require any condition on 
gluons to obtain open Wilson lines. This puzzle is solved by seeing that the Ishibashi condition 
or the BRST invariance becomes null in the present zero-slope limit. 


It is observed in Section |T^ that all the boundary states constructed so far in this article 
are eigenstates of the closed-string momentum operators. The eigenvalues are essentially delta 
functions on the world-sheet boundary. Their boundary actions are computed by following 
the prescription given in |^. It turns out that they are the standard boundary actions used 
in the path-integral formalism of the world-sheet theory. After a speculation based on these 
observations we hnally make a conjecture on the duality between open- and closed- strings. 

In Appendix ^ world-volume and space-time tensors used in the text are summarized in¬ 
cluding their relations. In Appendix ^ some formulae of creation and annihilation modes are 
described. These are necessary for our computations of several string amplitudes in the text. 
Oscillator realizations of coordinate and momentum eigenstates are presented in Appendix D 


2 A Short Course on Boundary States 

Let US consider the system of Dp-brane in bosonic string theory. We take the following closed- 
string background : 

= QMNdx^dx^ = g^udx^dx'" + gijdx^dx^ , 

B = -B^ydx^ A dx'' . (2.1) 

Here gMN is a flat space-time metric, which we refer to as closed-string metric. Two-form gauge 
held B^i, is constant. We divide the space-time directions into two pieces, x^ = where 

/t = 0,1, • • • ,p and i = p -|- 1, • ■ ■, H — 1. The directions x^ are supposed to be parallel to the 
Dp-brane. The directions x* are perpendicular to the brane. 

Closed-string may capture the brane. Relevant action of a closed-string takes the form : 

^[X] = ^ j dTda[daX^d^X^gMN - t27ia'e^’’daX^dbX’'B^,'j , (2.2) 


5 











where e“^ is the antisymmetric tensor on the world-sheet with = 1. The world-sheet S 
is a disk or an inhnite semi-cylinder, and we use the cylinder coordinates (r, a) (r > 0 and 
0 < a < 2ti). Closed-string interacts with the brane at the boundary of the world-sheet, that 
is, at r = 0. The second term of the action is an integration of the two-form (its pull-back) 
on S. Since it is an exact two-form, by applying the Stokes theorem we can recast it into a 
boundary integral : 


S[A'] = 


dTTQ;' 


drdadaX^d^X^gMN - - / daB.^X^^d^X 


(2.3) 


Energy-momentum tensor Tab{o',T) is obtained from the action. Since the integration of the 
two-form is independent of the world-sheet metric. Tab acquires the standard form without the 
fi-£eld. 

Closed-string coordinates X^{a,T) have mode expansions of the form. 


X^{a,T)=x^ 


ia'p^T + i 


E 

n^O 


a. 


M 

n ^—n(T+icr) 


a. 


M 


n 


H— 
n 


n „—n(T—ia) 


(2.4) 


and the standard first quantization requires the following commutation relations 




[<\io] = [Po.Po] = ^. 


r M N^ MN s: r~M -N^ MN s: I M -N^ n 


(2.5) 


The energy-momentum tensor generates reparametrizations of the world-sheet. Their infinitesi¬ 
mal forms turn out to be the Virasoro algebras with the central charges equal to D. The Virasoro 
generators are given by the expansions, T^z{z) = and T-^(z) = 

Here we use the complex coordinates (z, z) instead of the cylinder coordinates. They are related 
by {z,z) = and are generators of the chiral and the anti-chiral sectors 

respectively. These have the following representations in terms of the oscillator modes : 


1 


r ^ M N f — ^ 

J^m - -Z ■ 2_^ fi'MATttn “m-n ' ) ^ra- z'- 2_^ QMNOi 


M~N 
n m—n 


( 2 . 6 ) 






where = y ’ • • denotes the standard normal ordering with respect to the 

5'L2(C)-invariant vacuum of closed-string | 0 ); 


i.M'-N 




i.M'-N 


N 


M „N 


^o‘Ph • ~ • Po ^0* • ~ ^‘o‘Po ) • ^-n^n ■ ~ • ^ri '■ — ) 


(2.7) 


for n > 1 and the similar prescription for the anti-chiral modes. 
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Closed-string can find the brane through the boundary conditions imposed at r = 0. We 
take a variation of the action : 

1 


6S[X] = 


drdadX^QMNi drdr -l- d„da ]X 


27ra' 

1 

27ra' 




da 


IdT, 


dX^^ig^^drX'^ - 27ria'B^^d^Xn + SX^g^jd^X^ 


( 2 . 8 ) 


Vanishing of the hrst term (bulk term) for an arbitrary 5X^{a, r) gives the equation of motions 
of the string-coordinates. Vanishing of the second term (boundary term) needs to be considered 
separately for 6X^{a,0) and 6X^{a,0). The interaction with the brane is possible everywhere 
on its world-volume. Thus 6X'^{a,T) are arbitrary at the boundary. We need to impose the 
Neumann boundary condition on X^^ [|. On the other hand (5X*(cr, r) need to vanish at the 
boundary. For the vanishing we impose the Dirichlet boundary condition on X* : 


g^.drX’^ - 2ma'B^,d^X'' (a, 0) = 0 , W(a, 0) = 4 


(2.9) 


Here Xq is a position of the brane in the space-time. Owing to these boundary conditions we 
refer the directions and x'‘ respectively as the Neumann and the Dirichlet directions. 

The above conditions are used to introduce a boundary state in the hrst quantized picture 
of closed-string. Let us denote it by |H). It is a state which satishes the following conditions : 


9 ,udrX- 


2niaBf^yd^X'' 


(ff,0)|B)=0, A''(ff,0)|B)=x-|B) . 


( 2 . 10 ) 


These are linear constraints on |i?) and determine the state modulo its normalization. It turns 


out that the state satishes the Ishibashi condition as follows : 

\B) = 0 for Vn . 




( 2 . 11 ) 


The above state can be interpreted as a perturbative vacuum of closed-string in the presence 
of the brane. Since there are no correlations between string-coordinates of the Neumann and 
the Dirichlet directions, we can factorize the state into a product : 


\B) — \Bn) (g) IBd), 


( 2 . 12 ) 


where the subscripts N and D denote the corresponding boundary conditions. We may refer 
to these two states respectively as the Neumann and the Dirichlet boundary states for short. 
They satisfy the following constraints : 


g^^drX^ - 2ma'B^,d^X^ 


(cr,0)|Hiv) = 0 , 


X\aMBD) = x^o\Bd) . 


(2.13) 


^Precisely speaking, this is a mixed boundary condition. We refer to this boundary condition as the Neumann 
boundary condition because it reduces to the Neumann boundary condition in the absence of B field. In this 
paper we use this terminology otherwise stated. 
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These constraints may be handled in the oscillator representations. For the Nenmann bonndary 
state it can be read as follows : 

= 0 , \Bn) = 0 for Vn 7 ^ 0, (2.14) 

where and its transpose are tensors defined as 

E^^u = 9i,u + 27ra'5^^ , EJ^^ = - 27ra'B^^ . (2.15) 

As regards the Dirichlet bonndary state the constraint can be read as follows : 

xI\Bd) = xIIBd) , {a\-a'L^) \Bd) = 0 for Vn 7 ^ 0 . (2.16) 

Boundary state \Bd) 

Let us describe these boundary states including their normalizations. The above constraints 
can be solved without any difficulty in the oscillator representations. Determinations of their 
normalization factors need to be cared. We start with the Dirichlet boundary state. 

The Dirichlet boundary state turns out to be given by 

\Bd) = ^ fjexp |xod), (2.17) 

where we put d = D — p — 1. The state |xod) = = (^o)} is an eigenstate of the zero modes 

Xq with eigenvalues Xq. Momentum representation of |xod) is given by 

7od) = J A , (2.18) 

where I/cd) = \kD = iki)) denotes an eigenstate of the momentum zero modes poi with eigen¬ 
values ki defined as 

|A;^) = . (2.19) 

The dual state can be obtained by taking the BPZ conjugation : 

(a^ool fjexp • ( 2 - 20 ) 


It is easy to see that the state ( p.l7| ) satisfies the conditions ( p.l6|) . Since they are linear 
conditions, normalization factor of the state should be determined by other means. We hxed 









Figure 1: Evolution of closed-string by an imaginary time 7 r|rF)|. 


it to be 


{2Tr^a'f 
detffij 


in the above. It is determined by claiming that closed-string propagations 
along the Dirichlet directions reproduce the vacuum one-loop amplitude of open-string which 
satishes the Dirichlet-Dirichlet (D-D) boundary conditions. 

We parametrize propagations of closed-string by r e *>0. Closed-string evolves by an 
imaginary time 7 r|rC)| with the Hamiltonian Lq + Lq. See Figure Closed-string propagations 


-^O+Dq 




along the Dirichlet directions are measured by {BdIqc ^ \Bd), where we put qc = e 

amplitude can be easily calculated by using the formula in Appendix O. It turns out to be 


This 


a 


Lq+Lq 

{BdIQc ^ \Bd) = ( — 


dk 




= e 


-IT 


^/detg, 


--Qc 


Hd 


^n\—d 


^3 


n=l 


2 ^ ^ 




( 2 . 21 ) 


where //(r) = n^i(l ~ with q = Contribution of the world-sheet reparametriza- 

tion ghosts is excluded in Eg. ( p.21| ). It will be included in string propagations along the 
Neumann directions. The corresponding amplitude of open-string is given by 
Open-string propagates by an imaginary time r (g M>o) with the Hamiltonian Lq. See Figure 
1^. The trace is taken over the sector of open-string which satishes the D-D boundary conditions. 
The amplitude becomes as follows : 







( 2 . 22 ) 
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0 .. 

Figure 2: Evolution of open-string by an imaginary time . Two bold horizontal lines are identified. 


The standard argument allows us to interpret these open-string amplitudes as the free 
propagations of closed-string. Two imaginary times are related with each other by = 
27ri/r(^h This leads us to write Eq. (|2.22|) as 


Tr^i.^e 


-r(°)Lo _ 


= e (—^ T] 




(2.23) 


where the modular transformation ?](—))3/2^ (^.7-(c))^ 

is used. A comparison 

between Eqs. (p.21|) and (p.23|) gives the identity : 


{Bd\(1c ^ \Bd) = e 




r(o) = J^ 
t ( c ) 


(2.24) 


Therefore the propagations of closed-string reproduce correctly the corresponding one-loop 
amplitude of open-string except the factor This factor turns out to be canceled 

by a similar one appearing in closed-string propagations along the Neumann directions. 


Boundary state \Bjsi) 

The Neumann boundary state is given by 

det^E, 


\Bn) = 




{2a')P+^{-detgf,„) 


4 OO 

JJexp 

n=l 


— } |0) ) 


(2.25) 
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where is a tensor defined by 


— \ 9 


fll/ 


The dnal state is obtained by the BPZ conjngation. Its explicit form is as follows : 

det^T^,, 


{Bn\ = 




{2a')P+^{-detgf,^) 


(0| JJexp<^- 


(2.26) 


(2.27) 


n=l 

The above normalization factor of the state is chosen to reprodnce the related one-loop ampli- 
tndes of open-string. This will be shown in the next section. 


3 Open-String Tachyons in Closed-String Theory 


As can be seen in Eqs.( |2.17|) and (|2.25| ) these bonndary states are the Bogolnbov transforms 
of pertnrbative vacna. Generators of the transformations are nr=i exp for the 

Dirichlet bonndary and exp { —for the Nenmann bonndary. We can expect 

that information on the bonndary conditions are all encoded in these generators. 

Let 0{a, t) be a local operator of closed-string. Action of this operator on a bonndary state 
g\0), where is a generator, can be written as follows : 

0{(P, T)g\0) = g X g~^0{a, r)^|0). (3.1) 


One may expect that g~^0{a, T)g describes the Bogolnbov transform of this local operator 
and ask the physical implication particnlarly from the viewpoint of bonndary conformal field 
theories. However, story is not so simple. In general, g~^0{a, T)g tnrns ont to be singnlar. More 
precisely it becomes singnlar at r = 0, where the bonndary state resides. This reflects the fact 
that the system nnder consideration is actnally a system of closed- and open-strings. We wish 
to make an idea of the Bogolnbov transformations of these local operators rigorons. For this 
pnrpose, we have to perform a regnlarization by which the above singnlarity becomes tractable. 
This leads ns to define adg-iCl(cr, r), which becomes regnlar at the world-sheet bonndary. It is 
a local operator and interpreted as the adjoint transform of 0(a,T) by g~^. We will find ont 
their physical interpretation. In this section we concentrate on tachyon vertex operators. Since 
we are mainly interested in the world-volnme theory of p-brane, we restrict onrselves to the 
Bogolnbov transform associated with the Nenmann bonndary state. We denote the generator 
by gN, 
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3.1 Bogolubov transformation and renormalization 

Let VT{o',T]k) be closed-string tachyon vertex operator of momentum k. Momentum k is 
supposed to have only components along the Neumann directions. An explicit form is given by 


VTia,T;k) = ; 


= exp{ik^XQ) X X exp 

n=l 

a' 1 


X 


JJexp 


n=l 


a' 1 
2 n 


k^ia'tnz'" + a-nZ"") 


2 n 


'' + K^ ”) 


(3.3) 


To discuss the Bogolubov transform it is convenient to write down the transforms of oscil¬ 
lator modes of the string coordinates. These can be read as : 




{g-^NY 


V 


a 


V 

—n'> 


9nK9n = K 


{9-^NY 


V 


a 


V 

—n") 


(3.4) 


for n > 1. The modes and for n < 0 are kept intact. (We put cxg = Oq = Y q;'/2pq.) The 
above mixture of the creation- and annihilation-modes makes the transform k)gN 

singular at r = 0 or equivalently, since we put z = e’"’*'®®', at |z| = 1. It can be written in the 
following form for | 2 ;| > 1 : 

gYVT{a,T-,k)gN = ^ p _ ^ J x £idg-iVT{a,T] k). (3.5) 

Here we introduce a local operator ad^-iVr which we interpret as the Bogolubov transform of 
Vt- It takes the form of 


ad^-iVr(cr, r; k) = k)J\f{z-, k)VT{cr, r; k), 


(3.6) 


where Af{z] k) and M{z-, k) are operators consisting only of the creation modes 


U{z-k) = Wex^l\l^-kY9 


n=l 

oo 


M{z-, ^) = n 


2 n 


a' 1 


n=l 




(3.7) 


Singularity of g^VTio', r; k)gN comes from the factor ^ |jpLi 


2 


in Eq. 


Because of this factor, the transform (|3.5|) becomes singular at r = 0 where the boundary state 
I^Tv) is located. As will be seen soon, this factor should be subtracted in our construction 
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of open-string tachyon vertex operator from a closed-string local operator. This factor can 
therefore be regarded as a renormalization factor of open-string tachyon vertex operator under 
its interpretation in terms of closed-string. Putting this factor aside for a while, let us examine 
the operators ad^-iPr- We hrst discuss their operator product expansion (OPE). It is convenient 
to recall the OPE between closed-string tachyon vertex operators. It can be read from the 
expansion (|3.3|) as follows : 

Ti; fc^^^)Vr(cr2, ra; = |^i - ' x : Vr(cri, rp fc^^^)Pr(cr2, ra; : , (3.8) 


for 1^11 > \z 2 \ and Zi ^ Z 2 - The OPE under consideration changes from Eq. (|3.8|) . The modih- 
cation comes from operator products between A/”, M and Vr- It can be calculated by using the 


expansions (|3.7|) . We hnally obtain : 


A;b))ad^-iPr(a2, ra; 

= exp|-fcJ^bGMi^( 2 ;i,^i|^ 2 ,^ 2 )fc[^^}x : adg-il/r(ai, rp A;b))ad^-il/r(cr 2 , ra;/c^^^) : , 

(3.9) 


for |ri| > l^al, l^iZal > 1 and Z\ ^ Z 2 - Here G^'^(ri, ril^a, ^ 2 ) is Green’s function on the unit 
disk \z\ > 1 in the presence of a constant B held. It is dehned by 

(0|X'"(cri, ri)X'^(cr2, r2)|Hjv) (0|h((f[(|0) 


G^pzi, Zi\z2, Z 2 ) = 

{v\nN) 

The RHS can be evaluated by using the Bogolubov transforms 
as follows : 


, , , . (3.10) 

{ 0 | 0 > ' 

and written down explicitly 


( 1 / ( 1 / / 1 
G>^Pz^,z,\z 2,Z2) = --g>^'^ln\z^-Z2\^--{g-^Ng-y^ln[l- 


Z 1 Z 2 


Pg-^N^g-^r\n (^1 


riZa 


(3.11) 


Let us recall that a system only of closed-strings admits a holomorphic factorization. Partic¬ 
ularly there is no correlation between chiral and anti-chiral pieces, X^{z) and X^{z), of string 
coordinates W^((T, r) = X^(r) + X^^{z). The factorized term of ril^a, ^ 2 ) in Eq.( |3.11| ) is 

a sum of the correlations {X^[zi)X''[z 2 )) and {X^[zi)X''{z 2 ))■ The second and third terms are 
not factorized and they are respectively the correlations {X^[zi)X''{z 2 )) and {X^^{zi)X''[z 2 ))- 
These correlations are characteristic of open-string theory. Green’s function provides a nice 
description of the singular factor in Eq.( p.5|) . Using this terminology we can write it as follows: 



|Z|2 

\z\ 

"-1 


VtP.t'P) \Bn) 
(0 \BP 


= exp < ikfj_ikiy{X^{z)X''{z)) 


(3.12) 
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where the hrst equality follows from Eq.( p.5|) and (fc|ad^-iVT(o', r;/c)|0)/ (0 |i?Ar) = 1. Taking 
account of this expression, the transform ( p.5D indicates that boundary states give rise to extra 
correlations, i.e. correlations between the chiral and the anti-chiral sectors, by the amount of 
{X^^{zi)X''{z 2 )) ■ In the presence of the world-sheet boundary, or equivalently in the open-closed 
mixed system, correlations between the chiral and anti-chiral sectors exist even in the closed 
string sector, and we need to take care of them. As pointed out in , this is a direct result of 
the fact that boundary states on the unit circle reflect a vertex operator at z making its mirror 
image at 1/z : ^\B) (see also [T^). This brings about a short 

distance singularity at the boundary z = Ijz. Since we intend to construct open-string vertex 
operators in terms of closed-string, we need to carry out a renormalization to manage this type 
of singularity. 

The OPE (|3^) itself strongly suggests an interpretation of ad -iVr from the open-string 

y jY 

viewpoint. To pursue such a possibility we introduce a renormalized tachyon vertex operator 
by subtracting the above singular factor : 


Vna,T;k)^ 




\z\ 

2-1 


-kfj.{g ^Ng 


X VT(cr,T;k). 


(3.13) 


In other words we have 


r; k)gN = ad^-iPr(a, r; k). (3.14) 

We call r; k) renormalized open-string tachyon vertex operator with momentum k. 

We need to explain why we call it open-string tachyon vertex operator. Let us consider an 
action of diffS*^, the group of diffeomorphisms of a circle, on We take L„ — L_n {n G Z) 

as the generators. It is convenient to recall that Ln act on Vt in the following manner : 

z^^^d^ + ^k^g^^ky{n + l)z^^ Vria, r; k). (3.15) 

As regards Ln their actions are the same as above except replacing z by z. The action of diffS*^ 
on becomes slightly different from a sum of the above Virasoro actions. The modihcation 
comes from an existence of the renormalization factor in Eq. (|3.13|) . It can be read as follows : 

Ln-L_n,V^^^{a,T- k) 

= + jk^g^^k, ((n + l)z" + {n- l)z-^) 

+ -k^{g-^Ng-y'^kn |^|2 _ 1 I ^)- (3-16) 


Ln, Vt{(t, t ; k) 
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An implication may be seen by taking the limit r ^ 0+ in the equation. By using the cylinder 
coordinates instead of {z, z) the limit turns out to be as follows : 


lim 

T^0+ 


d 


[a, r; k) 


= < —le 


da 


lim r; fc), 

r^0+ 


(3.17) 


where we translate the closed-string background tensors g^y and B^y into the open-string back¬ 
ground tensors G^y and 9^'^. We may call these two kinds of background tensors respectively 
closed- and open-string tensors for short. They are related 113 with each other by 

1 


(e-^Y'' = . 

^ 2™' 

In an actual derivation of Eq. ( |3.17| ) we use the following identities : 

1 


(3.18) 






g^PNy,gP^ = + 


{^'Kay 


+- 9^\ 

TTa' 


(3.19) 


These can be obtained from Eq. (|3.18|) . Related formulas are summarized in Appendix 

The action (|3.17|) is completely the same as the action of the Virasoro algebra on open-string 
tachyon vertex operator with the same momentum. In addition to the OPE (|3.9|) this is the 
reason why we identify VJ®” with renormalized open-string tachyon vertex operators. 

We can also make the above consideration in terms of boundary states. Let us con¬ 
sider the state Vp'^{a,T]k)\BY. By using the relation (p.l4|) we can write it in a form, 
gN ad -iVT(cr, r; fc)|0). An explicit form of ad -iVr has been given in Eq. (|3.6|) . Thereby we 
can express the state in the oscillator representation and then take the limit r —0-|- without 
ambiguity. We call thus obtained state \Bj^;{a,k)). It turns out to have the following form : 


BN-,{(T,k))= lim VY"'{a,T-,k)\BN) 

T—>0-1- 




lim ad 

r^0+ 


{a,T-,k)\0) 





9N\k). 

(3.20) 


Here we express the normalization factor of \Bjsf) in terms of the open-string tensors. This 
translation is done by using the identity, Gfj_y = Ej^^gP^'Ep'y, which also follows from Eq. (|3.18|) . 
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Action of diffS"^ on this state can be obtained from Eg. (|3.17|) . It can be read as 


1'Yi — 


\Bn; {a, k)) = i-t) { \ \B^- (a, k)) , (3.21) 


for n G Z. The Ishibashi condition imposed on \Bn] {a,k)), i.e. vanishing of the RHS of the 
above eqnation for an arbitrary n, (strictly speaking, modulo a total derivative with respect to 
a), requires a'k^G^'^k^, = 1. It is the on-shell condition of open-string tachyon. 


3.2 String field theory viewpoint 

The action of diffS*^ on the boundary state has an interpretation in terms of string held theory. 

Fundamental ingredient in string held theory is a BRST charge Q. It is a grassmann-odd 
operator obeying the usual relations, = 0 and Tabic, t) = {Q,babio',T)}, where Tab and bab 
are respectively total energy-momentum tensor and anti-ghost held of a world-sheet theory. In 
the case of bosonic closed-string held theory world-sheet theory consists of closed-string 
coordinates (a matter system) and the world-sheet reparametrization ghosts. The ghost 
system is described by {b, c) for the chiral part and {b, c) for the anti-chiral part. Closed-string 
BRST charge Qc is decomposed into Qc = Q + Q- The chiral part q has the following form : 


^ = E ^ nCnCmb-n-m, (3.22) 

n m^n^O 

where are the Virasoro generators of the matter and the ghost systems. c„ and 

are the Fourier modes of ghost and anti-ghost helds : c(cr, r) = and 6((j, r) = 

. The anti-chiral part q has the same form as the above except replacing the 
chiral quantities with the anti-chiral ones. These q and q are nilpotent independently and satisfy 
the relations, {q, bn} = Ln and |g, &n| = Ln- Here Ln = and Ln = are 

the Virasoro generators of the total system. 

Let Tia and q-idhost respectively the Hilbert spaces of matter and ghost systems. We put 
-j^aux ^ ^j^ghost _ Closed-striug Hilbert space Tic consists of vectors ip of which satisfy 
the conditions. 


{bo - bo)'ip = 0, (To - Lo)i’ = 0. 


(3.23) 


Necessity of the two conditions is explained in from the perspective of two-dimensional 
conformal held theories. 

Now we want to interpret the state \Bj\f-, {a, k)) as a state of the closed-string Hilbert space. 
Since it is a boundary state of the Neumann directions we hrst extend it to a vector of 
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by tensoring the boundary state ( |2.17|) of the Dirichlet directions. As for the ghost sector an 
appropriate state is known. It is given by 


(3.24) 


OO 

ghost n exp (co + Co)ciCi|0), 


n=l 


and satishes the following boundary conditions : 


(Cn + C-n)\B) — 0, {bn b_n)\B) — 0, 


(3.25) 


for n ^ Z. It can be seen from these conditions that satishes the Ishibashi condition. 

Further tensoring the ghost boundary state we obtain {\Bn; (n, k)) ® \Bd)) ® \B)gf^nst 
We call it \B; {a, This state satishes the hrst condition in Eq. (|3.23|) because of Eq. (|3.25|) . 

As for the second, the n = 0 case of Eq. (|3.21| ) gives {Lq — Lq)\B; {a, k))^^^ = {—i)d„\B] (a, k))^^^. 
This means that we need to integrate over a to regard the state as a vector of Tie- 

Physical states of closed-string are identihed with the BRST invariant states of Tic- In 
order to describe how Qc acts on the boundary state we note a formula related with the ghost 
boundary state : Let \0)x be a state of Ti^. Action of Qc on \0)x ® \B )expressed as 

QAO)x ® = Y. ® (3.26) 


This can be derived by the standard calculation. The action on the boundary state can be read 
as follows : 

r*27r 

da\B] (a, k))^^^ 


Qc 


L^O 


/»27r _ 

I 


C-n{Li-L^nm{a,k)) 


tot 


= 


0 / 


kmuG^'^kn C-n\B] (u, k)) 


tot'> 


(3.27) 


where Eq. (p.21|) is used in the second equality. The BRST invariance requires, as we stated 
previously, the on-shell condition of open-string tachyon. 

The above action can be identihed with the BRST transformation of open-string tachyon 
vertex operator. c„ in Eq. (p.27|) correspond to the same modes of ghost held appearing in 
open-string held theory. Actually Eq. (p.27|) is an example of the formula given in |^. It states 
that the closed-string BRST charge Qc acts on boundary states as the generator of the BRST 
transformation of open-string held. It is used there to show a macroscopic description of the 
cubic open-string held theory is given by a boundary open-string held theory. 
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3.3 Boundary states with M open-string tachyons 

The previous construction can be generalized to those of boundary states relevant to the de¬ 
scription of M open-string tachyons. Let (1 < r < M) be the renormalized 

open-string tachyon vertex operators. Also let Zr = be distinct points on the inhnite 

semi-cylinder satisfying the condition, \zi\ > \z 2 \ > • • • \zm\ > 1- We start with the following 
state : 


n; fcW) • • • V?^"(crM, r^; k^^^)\BN). (3.28) 

We translate the state into a form, Hr Tr] |0) by the relation ( |3.14| ). We 

use the OPE (|3.9| ) for a further evaluation. Finally we arrive at the following representation : 

n; T2, k^^^) ■ ■ ■ tm', |Siv) 

1/4 M 

JJexp 


det^E, 


fj.iy 




r<s 


{2a')P+^{-detg^^) 

X gN : adg-iVT{ai,Ti-,k^^^)adg-iVT{a2,T2-,k^‘^^) ■ ■-adg-iVriaMjTM^k^^^^) : |0) 


det^E, 


fll/ 


{2a')P+^{-detgf,^) 


1/4 M 

JJexpj-iMG' 


pu. 


Z‘p ^ Zy I Z Q 


:Zs)ki 


s) 


r<s 


oo 

X exp 

n=l 

oo 

X exp 

n=l 


rTi ^ 


Li ^ + z^Pa-^N)^) aZ 


r=l 

M 


2 n 


r=l 


Qn 


M 


r=l 


r) 


(3.29) 


Boundary state relevant to the description of M off-shell open-string tachyons may be 
obtained from the above state by taking the same steps as for M = 1. This state will be called 
\Bn] (ui, , (um, k^^^)). It is dehned by the limit Vr,. —> 0-|- of Eq. (|3.29|) . In the course 

of taking the limit we do not meet any difficulty for the oscillator part. What we need to take 
care are the products ^—kp^GP’^{zr,Zr\zs,Zs)ki^^\. Behavior of Green’s function at 

the boundary turns out to be as follows : 


lim G^'^{Zr, Zr\Zs, Zs) 

'^r,s —*'0+ 

= —2a'G^®"ln -|- —9^’' {<7^ — — Tie{ar — Us)} , (3.30) 

27r 

where e{x) is the sign function defined as e{x) = 1 for x > 0 and = —1 for x < 0. Taking 
account of this behavior of Green’s function, the limit Vr^ —0-|- becomes as follows : 

\Bn; (ui, /c^^)), (cTa, , (um, A;W))^ 
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Vr^—>0+ 


1 ,^ \ 1/4 M 


{2a')P+^ ) 


r<s 


M M 

- et^'' ki^^ar-cTs) 


X J_J_e 2 . M 

r<s 


X 


n 

r<s 

CO 

JJexp 


X 


n 

r<s 


gicTr _ ^i(Js\2a'k^i[^G'^''ki‘’^ 


71=1 


M 


— E { (irs) + (I® I 


X 5'Af 


M 

E^"'’ 


(3.31) 


r=l 


We wish to interpret these states as boundary states with off-shell open-string tachyons. 
This is verihed by comparing closed-string tree propagations between these states with the 
corresponding open-string one-loop amplitudes and testing their coincidence. These will be 
done in the next subsection. 

It is worth mentioning that the present construction is also applicable in a vanishing B 


held background and in particular the boundary states (|3.31|) become available just by putting 


= 0 . 


3.3.1 Construction of dual boundary state 

To describe the closed-string propagations we need the dual boundary states. Although they 
are given by the BPZ conjugation, we apply the previous formalism to their construction as 
well in order to gain some insight into them. Instead of gjsi we use the BPZ dual : 


^iV = n I I 

n=l ^ ' 


(3.32) 


The transform of tachyon vertex operator is given by g^j^VT^cr, r; k) yg]^ ) . It can be written 

in the following form for |z| < 1 : 


9NyT{(T, t; k) = (l - 


\2\^k^i9-^Ng-^Y''k^ 


X ad^i^Vr(cr, r; k). 


(3.33) 


Here we introduce a local operator ad t Vr, which we interpret as the (dual) Bogolubov trans- 

9n 

form of Vt{(T-i t; k). It takes the form of 


ad t Pr(a, r; k) = Pr(a, r; k)Moo{z-, k)J\f^{z-, k), 

iJN 


(3.34) 


19 








where Afoo{z] k) and JVoo{z; k) are operators consisting only of the annihilation modes : 
J^oo{z]k) = > 

Moo{z]k) = ^^exp . (3.35) 

Singnlarity of g^j^VT{a^T]k) (^5'jv) comes from (1 — in Eq.( |3.33|) . It be¬ 

comes the same as the singnlar factor appearing in Eq. (p.5|) after changing the coordinate z to 
l/z. 

Similar calculation to what is made to obtain Eq. (0) leads to the OPE : 
ad^^Pr(cri, rp /c(^))ad^i^Pr(a2, ra; 

= eyzg^-k^^'^G‘Z{zi,zi\z2,Z2)k^J‘^^x : ad^i^Pr(cri, rp fc(^Vd^^Pr(cr2, r2;: , 

(3.36) 


for l^il > \z 2 \, \ziZ 2 \ < 1 and zi ^ Z 2 - Here G^{zi, zi\z 2 , Z 2 ) is Green’s function on the unit 
disk |; 2 | < 1. It is defined by 


-I _ , _ (fiiv|^^(ai,ri)X’^(a2,r2)|0) (0|£^x[(|0) 

't^oo [Zi, ZilZ 2 , Z 2 J = - 


(5iv|0) 


( 0 | 0 ) 


(3.37) 


and written down explicitly as follows : 


/y^ (y^ 

Q^^{z,,z,\z 2,Z2) = --g^^\n\z,-Z2\^--{g-^Ng-^Y''\n{l-z,Z2) 


a 


((?-iiVV')^"ln(l-^i^2). 


(3.38) 


Similarly to Eq.( |3.12| ), the singular factor appearing in Eq. (|3.33|) is expressed as the self¬ 
contraction of Vt{<j,t] k) between its chiral and anti-chiral parts. This may be seen as follows. 
Let {X^[zi)X''{z 2 ))oQ be the chiral-anti-chiral correlation of Green’s function G^Y^Zi, Zi\z 2 , Z 2 ) : 
(X'^(zi)X‘'(z 2 ))oc = — Y In (1 — ^ 1 ^ 2 ). Using this quantity, we can write the sin¬ 

gular factor as 


(1 _ ■ (3-39) 

Dual of the renormalized open-string tachyon operator, which we call is given by 

subtracting the singular factor appearing in Eq. (|3.33|) as follows: 

U;™(a,r;fc) = (l - \z\2yik,{g-^Ng-^r-'K 


X Ur(a,r; k). 


(3.40) 
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We remark that the cliffs'^ action on the dnal vertex operator rednces to Eq. (|3.17|) after we 
take the limit r —0—. 

Let ns describe the dnal bonndary state. It is obtained by following the same ronte as 
taken for Eg. (p .311) . Let Vf^{ar,Tr'., (1 < r < M) be the dnal vertex operators. Let 
be distinct points on the inhnite semi-cylinder satisfying the condition, 1 > |^i| > 




Zr = e 


1 ^ 2 ! > ■ ■ • > \zm\- We consider the state rp tm] and take 

the limit Vr^ —> 0—. Thus obtained state, which we call (i?Ar; (ai, k^^'>), • • •, (ctm, k^^^)\, is the 
dual. Explicitly it is given by 

{Bn; (iTi.il'l). (ua. ■ ■ •, 

= lim {BN\Vf‘^ (ffi, ri; A^“>) V?™ (ffj, «:<">) ■ • • *:<"') 

V Tip —^0 — 


1 , ^ \ 1/4 ^ 

-detU^u \ TT 


e(crr —(Ts) 


r<s 


M 


X 6 2’^'" 
r<s 

M 




X 


M 

n 

r<s 


Jcrs\2a'k'>!'''G'^''k 


ds) 


X 




r) 


r=l 


9 n n 


n=l 


M 


n 


r=l 


r) 


ET 


g\ <6-*""’- + 


E 


9\ 


(3.41) 


3.3.2 Closed-string propagation 


The hamiltonian operator of closed-string is Lq -|- Lq — 2. We can conveniently parametrize 
propagations of closed-string by r e *>o. The evolution by an imaginary time | is given 
by the operator where we put Qc = In this subsection we only consider 

the propagations along the Neumann directions. Propagations of closed-string between the 
boundary states (p.31| ) are measured by the following amplitudes : 

(aM+i, , (ctm+v, | (ai, , (ctm, k^^^)) . (3.42) 


We calculate these amplitudes by using the oscillator representations. It is useful to recall 
the following equalities : 




-|(Lo+ho-2) ^ |(Lo+ho-2) _ f 




= wan, 


qc 


-i(i,o+ko-2)~^ i(no+ho-2) _ f 


a;;g. 


= wa;;. 


(3.43) 


and 




(3.44) 
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where we put First we plug the representations ( |3.31|) and ( |3.41|) into 

Eq.( |3.42| ). We then evaluate the amplitudes by taking account of the above equalities. They 
turn out to have the following factorized form : 


(Bn; (um+i, (ctm+at, gc 


r (Lo+io-2) 


Bn] (cTi, ^ 


-detG 


flU 


(2a')(P+F 


n1/2 \ 

J ^ fch) j X gc " ^’'=' 


1 a' \^JW <r^M+N r,(>') ^i/7,(s) 

^ 4 Z^r=l Z^s=M+l y 


X 


n 




6 2"-^* 


X 


n 




l<r<s<M 


M+l<r<s<M+iV 


X 


n 




e 27r'‘M 


X 


n 




£271-"'^* 


l<r<s<M 


M+l<r<s<M+N 


X 


n 


Igio-r _ gicTs ^ 


n 


IgicTr _ gitTs |2«'fc^^'G''‘'fcl,®^ 


l<r<s<M 


M+l<r<s<M+V 


xf’(9=,K},{*;<’''}) , 


(3.45) 


where F denotes contributions from the massive modes of closed-string. It is given by the 
inhnite products : 

F {qc, Wr} , 

OO 

= l[{0\exp 


n=l 


„n 


\/2a'q, 


7^n/2 M+N 


n 


^ r / 1 

V \ 


r=M+l 


g) <e 


V inor 


X exp 


_ jv a'" 

n 

M 


n 


r=l 


Eh'MllrS) “^‘"-+(559) 5 V 




^—incFr 


| 0 ) . 

(3.46) 


Further evaluations of the inhnite products are carried out in Appendix p. We just quote 
the result obtained there. The contributions from the massive modes turn out to be as follows: 


CXD 


n=l 


X 


n 


l<r<s<M 




n” 1 (1 - (1 


9?) 


n“.i (1 - €Y 
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X 


n 


M+l<r<s<M+N 
M M+N 


n“ 1 (1 


p2(c7r <7s)^n 


€) (1 


p i(cr-r CTs)^^ 


9?) 


n“ 1 (1 - 9?)' 




X 


n n 

r=l s=M+l 


n“ 0 (l - (l - 


-, 2a'k‘'J'^G^,^ki‘’^ 


n“ 1 (1 - Q^y 


(3.47) 


For the comparison with open-string one-loop calculation it is convenient to write down the 
amplitudes (|3.45|) by using the elliptic ^-functions. Appropriate ^-functions are 6 'i^ 4 (z/|r). They 
have the following representations : 


9i{u\t) = 2gisin7rz/JJ(l-g’^)(l-e2"V)(l-e“^™g'') 


n=l 

CO 


e^{u\T) = 


(3.48) 


n=l 


n=0 


where we put q = 

We hrst pay attention to Eq. (|3.45|) . It can be combined with inhnite 

1 2a'A:,7'G''‘'W' 


products in Eq. (|3.47|) and gives rise to p(r('^)) ^ 6 *i 


. Here we have 

_^^AT+iV 

taken into account that run only from 0 to 27r. We next consider qc * s=m+i m 

in Eq. (p.45|) . Using the hrst relation of ( p.l9|) it can be written in terms of the open-string 
tensors as follows : 




\^M + iV 

4 Z^r = l ^s = M + l y 


1 y^M s^M+N sr^M Y^M+iV ^ij.u 

_ ^167r^a' ‘^^’=1 2 ^s=M+ 1 ^ 4 ^r=l^s=M+l^M ^ 

— yc yc 


(3.49) 


Let us introduce 77^ as the total momentum of the m-state : K = The hrst 


factor can be written as q, 


-^K.ieGey^K^ 


due to the momentum conservation. We then 


manage qc 




in the second factor. It can be combined with another inhnite products in 


Eq. (|3.47|) and gives rise to 7]{T^^y ^9^ |.^(c) 

we hnally hnd out : 


2a'k^J'^G>^’'ki‘‘'> 


Gathering these expressions 


{Bn; (ctm+i, ■■■, {(Tm+n, \Bn; (ui, k^^y, • • •, (um, k^^y) 

-detG,. 


* gu 


(2a') 


N 1/2 /M+N \ 
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X 


l<r<s<M 


n 


k\fK{ar-(Ts) 


M+l<r<s<M+N 


P-25 

X 77(r("))-P+^ 


--^K^ieGeY'^K^ 

X Qc “ X 


M M+N 

n n 

r=l s=M+l '- 




(J ^ (J a 


27r 


r 


(c) 


M 


n <^r lAGanv 

62-*" ^ X 

r=l 
M+7V 


n 


l<r<s<M 


X 
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(3.50) 


where the products of '' 
terms in Eg . (13.451) : 




come from the following translations of the corresponding 


Y[ e-^kir^e'^^ki‘\ar-as) _ rr.ih 


l<r<s<M 
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r=l 
M+N 

JJ j_ ('3_5x) 


i 7 (5") fluz/7 (s) / N T- r 777. k(^) pui/ f _ M + N 

® (o-r-o-T,) _ TT ^ 


M+l<r<s<M+N 


r=M+l 


We also note that contribntion of the world-sheet reparametrization ghosts, which tnrns ont to 
be ^“l(l-^?)^ has been included in Eq. (p.50|) . Together with the ghost contribntion, ^ 

p-25 

in Eg . (13.451) and n^i(l ~ qc)~^~^ in F give rise to gc in Eg.( p.50|) . 


3.4 Comparison with open-string one-loop calculation 

The amplitndes (|3.5CI|) , combined with closed-string propagations along the Dirichlet directions, 
should be compared with open-string tachyon one-loop amplitndes. We begin this subsection 
with a brief exposition on the open-string calculation in a constant B held background of 
closed-string. 


3.4.1 Open-string one-loop calculation 

Calculation of open-string one-loop amplitudes in a constant B held background is a direct 


extension of that in the case of S = 0 (see e.g. |^]) except a quantization of open-string. Let 
us hrst describe the quantization. Action of a bosonic open-string in this backgronnd is given 
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by 

*5 = ^/ ^gMNdpX^{p, p)dpX^{p, p) + 27ra'B^^dpX>^{p, p)dpX'^{p, p)|, (3.52) 

where the upper half-plane, Imp > 0, is taken as the world-sheet. An inhnite strip (r, a) 
(0 < (T < tt) can be mapped to the upper half-plane by p = Taking variation of the 

action, one can hnd that the Neumann and the Dirichlet boundary conditions are imposed on 
open-string coordinates and X® respectively: 


g^^u{^p - dp)X'^ + 27ia'Bp,{dp + dp)X'' 


= 0 , 


X® 


p=p 


\p=p 


. = Xn 


(3.53) 


These boundary conditions can be managed in the mode expansions of X^. They turn out to 
be as follows : 


x^{prp) 


X\p.p) 


x^-iap{;in|p|2 + iW^^^(p ®® + p ®®) 

^ n^O ^ 



(3.54) 


where we translate the closed-string tensors into the open-string ones. The quantization is 
prescribed in [^] . It turns out to be realized by the following commutation relation^ : 


[Po^Po] = 0> [^o.Po] = 

= mG'^'^dm+n, [a^, ai] = mg"^rn+n- (3.55) 


The commutation relation of Xq indicates the non-commutativity of the world-volume P|[|^. 

Related with a prescription of normal orderings relative to the S'L 2 (K)-invariant vacuum of 
open-string, it is convenient to introduce commutative zero-modes Xq=Xq + 
instead of the non-commutative ones. They satisfy the standard canonical relations ; [xq, Xq] = 
[Pq,Po] = 0 and [xo,Po] = In what follows we adopt the standard normal ordering of 

(xo,Po, a^, a)j). It is also denoted by : : . 

The Virasoro generators can be obtained from the energy-momentum tensor T(p) = 
— ^gMNdpX^^dpX^ by T(p) = LjnP~'^~'^- They turn out to have the following forms : 


Lq = aG^^’^p^Po + ( Gp^a'^^a'^ + gijal^al 


\m=l 


^ Notations used for open-string are similar to those for closed-string as far as they do not cause any confusion. 
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(3.56) 


Ln 2 ^ ^ ^ 7 ^ 0 ) 

m&i 

where we put Og = \/2a'pQ. Among these generators open-string propagator is given by 
A = Evolution of open-string on the upper half-plane is described by due to an 

integral representation A = 

It is useful to observe the open-string coordinates, particularly X^(p, p), at the boundary of 
the world-sheet. We may use the radial coordinates where ^ = |p|, as a parametrization 

of the upper half-plane. They can be read as follows : 

= x(;-i(9Gr„ps-2M'p;ine + iV^v5^r’‘, 

^ , Th 

n/0 

X'‘(.P,P)l.. = i!; + 5(»G)'‘„pS-2*a'p!;in? + iv^5^^(-?)-". (3.57) 

Zd , IL 

n^O 

At both boundaries a = 0 and a = vr, effect of the non-commutativity of the world-volume (the 
^-dependence) is encoded only in the zero modes while the massive part acquires the standard 
mode expansion. Open-string amplitudes are correlation functions between local operators 
inserted at the boundaries. It follows from Eq. (p.57|) that ^-dependence of local operators such 
as tachyon- and gluon-vertices are encoded only in their zero modes. One-loop amplitudes 
can be obtained in the operator formalism simply by taking a trace of these operators with 
the propagators inserting among them. The integral representation of the propagator may be 
used. The zero mode dependent part decouples from the others in Therefore, for the 

particular cases of tachyons and gluons, only the zero-modes of open-string are influenced by 
the non-commutativity of the world-volume. 

Let us consider one-loop amplitudes of tachyon vertex operators. We introduce open-string 
tachyon vertex operator of momentum k by 

. (3.58) 

We consider the scattering process of M -|- A tachyons with momenta It is worth noting 
that the momenta have only components along the Neumann directions. It is because the 
propagation of open-string is restricted along the D-brane world-volume. Diagram describing 
the one-loop scattering process can be drawn on the upper half-plane as depicted in Figure 
An open-string evolves along the radial direction from the outer semi-circle to the inner one 
and interacts with the tachyon vertices at its ends. Two semi-circles are identihed with each 
other and thereby the diagrams is interpreted as an open-string one-loop. The corresponding 
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tachyon amplitude, which we call It • ■ ■, • • •, is given by a sum 

of traces of their products arranged in cyclically distinct orders with keeping their partial cyclic 
orderings at the both ends : 

It ((fcW, • • •, • • •, 

= Tr {(1, 0; k^^^) ■ ■ ■ (l, 0; 

X (1, vr; ■ ■ ■ AV^^^^ (l, vr; } 

+ .. (3.59) 


We can evaluate the amplitude in the standard manner. Let us recall that the tachyon vertex 
operator enjoys the properties : 

(3.60) 

Combined with the integral form of A, this enables us to write the amplitude as follows : 


M-\-N M+N 

d^r 


I If — If 

0<4M+N£SAi+N-l£'"£4l£l r—l 


(r) 


r=l 


X Tr (6, 0; (^m, 0; 

xVr^ vr; ■ ■ ■ Vr^ (W, vr; 

+ .. (3.61) 

The coordinates ^r, which appear in the RHS as insertion points of the tachyon vertices, can 
be thought to provide a parametrization of the diagram. Another parametrization may be 
obtained by mapping the diagram to a cylinder with width tt. See Figure Correspondingly 
are mapped to Ur by Ur = — In^^- We put = — Iii^m+v- We may use instead of 
um+n- The evolution of open-string becomes manifest in this parameterization. In the figure 
an open-string with width vr evolves along the real axis from the origin to , interacting with 
the tachyon vertices inserted at Uj. or z/^ + iir. 

After a little calculation of the traces in the RHS of Eq. ( |3.61|) we can obtain the amplitude 
in an integral form. In terms of and this integral can be written as follows : 


( M+N \ 
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(3.62) 


where the integral is performed over the region : 

e M>0, 


0 < Ui < ■ ■ ■ < Um < , 

0 < Um+1 < ■ ■ ■ < I^m+AT-I < 

Contribution of the world-sheet reparametrization ghosts, which is equal to n^^i(l ~ ® 
has been included. We note that K^j, used in the above is given by Kfj_ = X]!^i ■ 


(3.63) 

-nr(°)\2 


3.4.2 Comparison with one-loop amplitudes of open-string 


To compare the open-string one-loop amplitude ( |3.62|) with Eq. (p.50|) we map the cylinder 
drawn on the M-plane (Figure |^) to a cylinder with width 2n’^ jT^°^ on the n-plane by the 
conformal transformation v = 2nu/T^°\ See Figure |^. Ur are mapped to <7^ by = 2nUr/T^°'^. 

We put = 2ni/T^°\ These provide a new parametrization of the diagram, which makes 
an evolution of closed-string manifest. A closed-string with circumference 2n evolves along the 
imaginary axis, starting from the real axis where it interacts with M open-string tachyons and 
ending on Imn = 7r|r^'^^| where it interacts with N open-string tachyons. We note that the 
insertion point of the (M -|- A^)-th open-string tachyon is hxed at au+N = 27r. 

Let us describe the one-loop scattering amplitude oi M + N tachyons as an integral with re¬ 
spect to and cr^. By making use of the modular transform, 0i(z//r|—1/r) = —f\/—ire’^*^^/'^0i(i2|r). 
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we can express several correlations appearing in Eg. (|3.62|) by means of and 
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(3.64) 


Other ingredients can be also expressed in terms of these parameters. The integral turns out 
to be as follows : 
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(3.65) 


where the integration region becomes as follows : 

e zM>0, 

0 < (Ti < ■ ■ ■ < (Jm < 27r, 

0 < crjvf+i < • ■ ■ < cTM-t-AT-i < 27r. 


(3.66) 


The above integral form allows us to express the one-loop amplitude of M -|- iV open-string 
tachyons by using the closed-string amplitude given in Eq. (|3.5CI|) . We need to include the 
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contribution of closed-string propagations along the Dirichlet directions. This is carried out by 
multiplying Eq. (|3.50|) by (i?£)|gc ^ \Bd) = Thus we hnally obtain 

the following equality : 

nioo / \ AI-\-N 

= {-27n) f JJ 

JiO 

M+N-1 


(r)_ 


r=M+l 

^n+-^n-2 

X qc ^ 


M 


Yldar \Bn; (ai, • • •, (a^, ® l^^,) 


r=l 


(3.67) 


where the integration is performed on the region ( p.66| ). Additional two factors appearing in the 
RHS vanish when we impose the on-shell conditions on k^^'^ at the critical dimensions {D = 26). 


Thus we showed that our boundary states ( p.31| ) correctly reproduce the corresponding open¬ 
string one-loop amplitudes. We note that this computation implies as well that normalization 
factor used in Eq. (|2.25|) is properly chosen to reproduce the corresponding amplitudes. 


4 UV limit of Non-Commutative Scalar Field Theory 

Low-energy description of world-volume theories of p-brane can be obtained by taking a zero- 
slope limit a' —>■ 0 so that it makes all perturbative stringy states (mass^ ~ l/<^0 of open¬ 
string inhnitely heavy and decouple from the light states. Low-energy effective theory relevant 
to open-string tachyons in the presence of a constant B held is a scalar held theory on the 
non-commutative world-volume. In general, quantum held theories on a non-commutative 
space suher the UV-IR mixing which originates in the non-commutativity. It causes [^] a 
serious problem on the renormalization prescription of these theories. In this section, based on 
the results obtained so far, we investigate the UV behavior of the non-commutative scalar held 
theory. For this sake it is convenient to start with a brief description of the above zero-slope 
limit of the one-loop amplitudes of M -|- V tachyons. Our study in this section is restricted to 
the case of 25-brane in the critical dimensions. 

The amplitude is described in ( |3.62|) as an integral, where and Ur are used as the integral 
variables. Since these parameters make an evolution of open-string manifest in the scattering 


33 




















process, we call them open-string parameters. For the same reason we call and cr^ closed- 
string parameters. The zero-slope limit of the amplitnde (|3.62|) will be a field theory one-loop 


amplitnde, particnlarly written in the Schwinger representation |]^ |^ |^ [^ [|^ 1^^ . Open¬ 
string parameters are translated to the Schwinger parameters in the low-energy world-volnme 
theory. For the dimensional reasons we pnt 


= a'&\ 


Tr = a' Vr 


(4.1) 


In order to obtain a proper field theory limit of open-string the field theory parameters and 
Tr need to be fixed nnder the zero-slope limit. Simnltaneously we also need to fix open-string 
tensors and 6 ^'^ since they describe a classical geometry of the world-volnme. In an actual 
derivation of the zero-slope limit we first rewrite the integral in terms of these field theory 
parameters and then pick up the dominant contribution of the a'-expansion. Let us take a 
look at correlations appearing in Eq. (|3.62|) . Terms which become dominant after the above 
translations can be read as follows : 
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We also note that the dominant contribution of 'q{—T^°^/27ii) in Eq. (|3.62|) is Gather¬ 
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34 































































where the integral is performed over the region : 


G M>o, 

0 < Ti < ■ ■ ■ < Tm < 

0 < Tm+i < ■ ■ - Tm+n-i < ■ 


(4.4) 


Eg .( [4.31) can be identified with one-loop amplitnde of open-string tachyon 0 (a scalar particle 
of mass^ = —1/a') living on the non-commntative world-volnme. It is the amplitnde obtained 
from the corresponding one-loop Feynman diagram consisting of M-|-iV trivalent vertices. Each 
of the vertices represents the following cubic interaction : 


^int 2 0 ^ 0 ^ 0 (^) • 

Here we introduce the Moyal product (an associative non-commntative product) by 

d d 


f ^ 9{x) = lim exp ^ 

y^x 1 2 oy^ 


f{x)g(y)- 


(4.5) 


(4.6) 


The Feynman rule becomes a little complicated due to the above Moyal products. But the 
Feynman integral can be evaluated by using the standard technique ||^ and translated to 

Eq.(H). 

We can find exp = exp x exp in the integral of 


Eq. (^4.3|) . The first term comes from the Schwinger representation of the tachyon propagator, 
exp ~ i?)}- This is the standard term which appears in ordinary held theory one-loop 


amplitudes. The second term can be understood |]^ as a UV regularization (a regularization 
of the integration near 5*-°^ = 0). It is a curious regularization since it depends on the external 
momentum, K = ■ This feature can be thought of as a characteristic of quantum 

held theories on a non-commntative space and makes held theoretical description of physics at 
high energy scale difficult. It should be also noted that integrations in Eq. (|4.3|) have potential 
singularities at = T* {r ^ s). These singularities can be already seen in the integral ( p.62| ). 
Although we do not describe their regularization here, prescription used H for the cubic 
open-string held theory will be ehective. 


4.1 UV limit of non-commutative scalar field theory 

Both parameters {T^°\h>r) and are regarded as coordinates of the moduli space of 

conformal classes of cylinder with M N punctures at the boundaries. For each values of the 
closed-string parameters we obtain a graph as depicted in Figure ||. Set of these graphs is the 
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above moduli space. Strictly speaking, these graphs are representatives of the conformal classes 
and thus it is possible to make different choices. For each values of the open-string parameters 
we obtain a graph as depicted in Figure It can be identihed in the standard manner with 
a metrized trivalent one-loop ribbon graph. Metric of the graph is given by the open-string 
parameters. These metrized ribbon graphs can be chosen as the representatives. Therefore the 
open-string parameters give another set of coordinates of the moduli space. 

The above moduli space has several ends. Typically we have two ends at = 0 and 
= -l-cxo. The previous zero-slope limit of open-string is related with the end at the inhnity 


as can be seen from Eq. (|4.1j) . Actual procedure to obtain the zero-slope limit ([4.3|) shows that 
the field theory amplitude is a suitable magnification of the integral ( p.62| ) on an infinitesimal 
neighbourhood around this end. We want to know the UV behavior of the world-volume theory. 
For such a purpose we need to focus on the region s^°'^ ~ 0. One possible resolution may be 
obtained by taking a zero-slope limit such that it magnihes an inhnitesimal neighbourhood 
around another end located at = 0. Near this end use of the closed-string parameters will 
be effective as the open-string parameters near the infinity. Let us examine a zero-slope limit 
which will be taken by hxing the following parameters : 




(Jr 


(4.7) 


In the course of taking the limit we also hx open-string tensors and 6 ^'^ in order to capture 
the world-volume theory. It follows from Eq.( |3.19|) that this makes the limit different from 
the standard field theory limit of closed-string. Transformation between the open- and the 
closed-string parameters leads = 27ra' ■ and Jr = 2vr^. For and Jr to remain finite 
the original field theory parameters need to satisfy -C a' and ~ We cannot neglect 
effects of all the perturbative stringy states of open-string at such a trans-string scale. Hence 
the limit in question includes their effects. 

Relevant integral form of one-loop amplitude oi M + N open-string tachyons is given by 
Eq. (|3.65|) using the closed-string parameters or equivalently by Eq. (|3.67|) using the boundary 


states. We generalize the amplitude by dropping out the factor 
the integral and introduce the following quantity R : 
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^We put p = 25 and D = 26. 
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(4.8) 


where the integral is performed over the region ( ^.661 ). (Tm+n is fixed to 27r. When satisfy 
the on-shell conditions the above Jt coincides with the original amplitude. It is an off-shell 
generalization slightly different from the original one. 

Let us take the zero-slope limit. We first look at correlations which appear in Eg. ( |4.8|) . 
They can be read from Eg. ( |3.65| ). Terms which become dominant after the translations ([4.7| ) 
are as follows : 
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We also note that the dominant contribution of in Eg.( p.65|) is \ 

these estimations the following integral turns out to be the zero-slope limit : 
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(4.10) 


where the integral is performed over the region : (ctm+v is fixed to 27r.) 

G M>o, 

0 < (Ji < ■ ■ ■ < (Jm < 27r, 

0 < (Tm+1 < ■ ■ ■ < O'M+V-l < 271. (4-11) 

Here the closed-string metric should be understood as ~ by using Eg. (|3.19|) . 

It is important to compare the above zero-slope limit with the previous one. In Eg.( [l.l(]| ) the 
Schwinger propagator exp | —— ^) | is integrated and gives rise to the propa¬ 
gator of closed-string tacky on of momentum K, while the counterpart in Eg. ([4.3|) consists of 
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two parts one of which is standard in held theories and the other is a curious regularization 

r /• « ^ n 

( /rp _ rp '\2 ^ ^ 

factor originated in the non-commutativity. The factors exp < — ^ ''s(°) + Kr — > 

found in Eq. (|4.3|) describe correlations between two open-string tachyons inserted at and T* 
in the Schwinger time. These correlations are made by propagations of open-string tachyon 
between them and particularly have their origin in kinetic energy of the propagating open¬ 
string tachyon. These correlations are lost in Eq. (|4.10|) . This indicates that open-string tachyon 
becomes topological at the trans-string scale and that it is described by a one-dimensional topo¬ 
logical held theory. Vanishing of the correlations originates in the modular transforms ( ^.64| ). 
So this is a stringy ehect. 


4.2 Factorization by straight open Wilson lines 

We now consider generating function of amplitudes ( |4.8|) and examine the zero-slope limit. Let 
^{k) be the Fourier modes of open-string tachyon held : = / ■ Since it is a 

real scalar held, the Fourier modes satisfy (p{k) = ip{—k), where the overline denotes complex 
conjugation. We examine the zero-slope limit of the following generating function : 
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Let us start with taking the zero-slope limit term by term in the sum. The total momentum 
is conserved in each term. It can be translated to the following integral : 
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The zero-slope limit can be obtained by using Eq.( |4.1(J|) . It turns out to be expressed in terms 
of the Moyal products. The above rearrangement of the momentum conservation is used in this 
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course. It yields the following products : 
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Here we introduce straight line xo(o') in the world-volume by x^i^a) = x^ + with 

0 < cr < 27r, and the Moyal products are taken with respect to x. After these replacements the 
zero-slope limit turns out to be : 
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detG 


r=M+l 


PpQ^^'Pu 


a 


flip 


(2a')2® 

-detG^T, 
26 


dx 
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26 


M 


JJ dar(j)ixoiai)) x ■ ■ ■ x (j){xo{aM)) 


r=l 


(2a': 


dx 


(2i: 


26 


eip^xi^ ^ 


, M+Ai-l 


JJ dar(l){xo{aM+i))-^----*^(l>{xo{aM+N)) 

(4.15) 


r=M+l 


where the integrations on ar are performed over the region (14.11 ). 

The zero-slope limit of the generating function ( 14.12|) can be obtained by summing up 
Eg. (14.151) with respect to M and N. Let us introduce path-ordered exponential along a line 
x^(a). It is defined by 

oo « M 




p 27 T 

exp / da(j){x{a)) 


E n dar4>{x{ai)) k ■ ■ ■ k (j){x{aM)) ■ (4.16) 

M=0 


This is an analogue of the Wilson line in gauge theories. Each summation of the Moyal products 
of Eq.( 14.15|) gives the path-ordered exponential along the straight line. The zero-slope limit 
can be written as follows : 


oo oo M+N 
M=0N=1-^ r=l ^ ' 

M M+N 


X 




r=l 


r=M-\-l 
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flU 


{2a'Y^ 

-detC^i, 
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dX ; fl 

xP* 


(27r) 


26 


exp 


'•27r 


rfc70(xo(cT)) 


(2a': 


dx 


(2t: 


26 


X P. 


exp 


'•27r 


da(f){xo{a)) 


x0(a;o(27r)) 


(4.17) 


Insertion of (j){xo{2n)) makes the above equation asymmetric. This term has its origin in one- 
loop calculation of open-string or tachyon held on the world-volume. The one-loop diagram has 
a tf(l) symmetry which generates a constant simultaneous shift of the Schwinger parameters. 
This U{1) symmetry is hxed in the previous discussion by putting = — ln,^M+v- It becomes 
equivalent to (Jm+n = 27r. Modulo hxing the U{1) symmetry, Eq. (|4.17|) shows that the gener¬ 
ating function is factorized at the zero-slope limit into a sum of products of P* e-Io da<f)(xQ(u)) 

and that open Wilson lines with the same velocity —interact with each other by 
exchanging closed-string tachyon with momentum 

A factorization of one-loop amplitudes of non-commutative scalar held theory is considered 
and claimed there to be realized at the low-energy of this held theory by using the 


m 


path-ordered exponentials. The procedure of the zero-slope limit adopted in those papers are 
quite diherent form that of the present paper. Our limiting procedure is not the conventional 
one to obtain the held theory limit of open-string. In fact the present limit would reduce to 
the held theory limit of closed-string if the B held were vanishing. We would like to emphasize 
that the existence of the B held makes the limit diherent from the conventional held theory 
limit of closed-string. 


5 Coordinate and Momentum Eigenstates of Closed-String 

We make a digression from the previous discussion on the world-volume theory. In this section 
we introduce coordinate and momentum eigenstates of closed-string and make some observation 
on their relation with the boundary states. These eigenstates will play important roles in the 
subsequent discussions. 

We begin with a simple remark on closed-string momentum currents. These currents are 
introduced by taking functional derivatives of the action : Pm (o', x) = • We have two 

expressions of the action, ( |2.2D and ( |2.1j| ). They provide two momentum currents, which coincide 
for the Dirichlet directions but become slightly diherent from each other for the Neumann 
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directions. When the action (|2.3|) is nsed one obtains 




while the action (p.2|) leads to 


(^gfMudrX’'{a, t) - i2na'B^^d„X''{a, r) j 


(5.1) 


(5.2) 


Their conserved charges become the same, that is, momentnm since these are integrals of 
the currents over the circle. Whichever momentum current one adopts as the conjugate variable 
of X^(cr, r), canonical quantization of closed-string leads to the same commutation relations 

m- ^ 

Let X^{a) be closed-string coordinate operators. They are simply given by X^{a) = 
W^((T, 0). The conjugate momentum operators Pm^ct) are those operators satisfying X^{a), 

Pn{o'') = i5^5{a — a') Q. These are given by the above momentum currents. Due to the 

existence of two different currents we have two operators. Pm (a) = Pm(o', 0) and Pj^\a) = 
P^^((T, 0). All these operators are periodic with respect to a. We may provide their mode 
expansions similar to Eq. (|2.4|) . For the later discussion these turn out to be inconvenient. 
Instead we use the following mode expansions : 


X^ia) 

OO 

= ^ E feP'"" + ti"'"") ■ 

n=l 

Pm{o') 

1 

E 

OO 

Pom+ 

^ n=l 

Pm'M 

1 

1 OO 

Pom + ^ (^PnMe -t- 

^ n=l 


(5.3) 


where xlP^ PIim ^IiM hermitian conjugates of the corresponding ones. Their 

commutation relations can be read as follows : 


[Xo,Pon] = iSn , = [xlif= 2i5^5m,n , 

[Xm, qIn] = [xlif, fev] = 2i6^6m,n , otherwise= 0 . (5.4) 

The delta function on the circle is given by 

= (0<u<27r). 

n^Z 
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These oscillator modes are linear sums of the standard oscillator modes of X^{a,T). For 
the reader’s convenience we attach below the dictionary : 


Xn = i- 


n 


- «^n) , xi^ = -i- 


n 




V'nM — —l=gMN {Oin + «-n) ) '^liM “ —^9MN (a^„ + dn ) ) 

Va va 

1 1 

QnM = —j= {EMNO^n + , QnM = {EMN<^-n + E'I^j^O.^) , (5.5) 

va ya' 


where the (i, j)-components of E are understood as gij. Therefore we have ipni = Qni and 


= gii- 


5.1 Coordinate and momentum eigenstates 

Coordinate and momentum eigenstates are respectively eigenstates of X(a) and P{cr) or (a). 
We describe them in some detail. These are closed-string extensions of those obtained for 
open-string. 

Coordinate eigenstates 

We hrst describe the coordinate eigenstates. They are characterized by two conditions ; (i) 
they are eigenstates of the string coordinate operators, 

X^{a)\X)=X^{a)\X), (5.6) 

and (ii) they satisfy the orthonormality condition, 

{A'|A">= n S(,X(a)-X'(a)), (5.7) 

0<£7<27r 

where we abbreviate the superscript M in the RHS. Dual states (X| are dehned by the hermitian 
conjugation. It is done by simultaneous operations of the BPZ and complex conjugations. 

The above conditions determine the eigenstates. We factorize them into products of the 
Neumann and the Dirichlet sectors : 


|X) = \Xm) 0 \Xd), (5.8) 

where are the coordinate eigenstates of the corresponding directions. Let us provide 

oscillator representations of these states. Taking account of the mode expansions (^.3|) we 
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parametrize the eigenvalues in terms of complex variables ^ ^>i) besides the zero- 

modes . We put 

OO 

+ + (5.9, 

n=l 

The eigenstates are given by the following inhnite products : 

OO OO 

IWat) = IxoTv) 0 JJ IXn, W)7V ) \^d) = \xqd) ®W\Xn,Xn) d ■ (5-10) 

n=l n=l 

Here |a:oAf) = = (xq)} ( resp. Io^od) ) are the normalized eigenstates of the zero modes Xq 

(resp. Xq) with eigenvalues Xq G (resp. Xq), and their normalization conditions are 

p D—l 

((r'ovkoiv) = - 4) , { xqj ^\ xod ) =11^ K* “ ^o) • (5-11) 

p=0 i=p+l 

IXn,Xn)v (’^esp. \Xn,Xn)D ) ^re the normalized eigenstates of (x^xll') (resp. iXn,Xn)) with 
eigenvalues (Xn^Xn) (resp. (x^,Xn))- Their normalization conditions are chosen as 

p 

N{Xn, Xn\ Xn, Xn)N = H - Rey^^) 5 ilvpiXn “ , 

p=0 

D-1 

niXn, Xn\ Xn, Xn) D = H {^^x!n “ ^ {'^^Xn “ Wn) • (5-12) 

i=p+l 

The orthonormality ( b.7|) follows from the above conditions imposed on each eigenstates : 

OO 

{X\X') = {Xo\x'Q)W{Xm XnWn^Xn) 

n=l 

CO 

= 5(xo - Xq) JJ 5 (Rex„ - Rex(,)5(Imx„ - Imy'^) 
n=l 

= n (5.13) 

0<(J<27r 

where we put |Xo) = |(ro7v) ® \Xqd) and \Xn,Xn) = \Xn,Xn)N ® \Xn,Xn)D- 

The steps to obtain oscillator realizations of eigenstates |Xn,Xn)v and |Xn,Xn)D are pre- 
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sented in Appendix m They turn out to be as follows : 


p+1 

\Xny Xn)N ~ (ttq/') det 


X exp 


\ 1 72 

a-n£/M^a-n - —F^ {Xn9^Lua-n + Xndf.ua'^-n) “ 

V a 


77, 


|Xn)Xn)£) (tj-q/') \/det 


X exp 


-a_ 


n 


~ v ^ / z i —i ~ i \ ^ —i 

9ij^j \Xn9ij(^-n T Xn9ij^-n) ~ '7^Xn9ijX 

\/a' 


| 0 ) 


|0) , (5.14) 


(5.15) 


The coordinate eigenstates provide a complete basis of the Hilbert space 
where and stand for the Neumann and the Dirichlet sectors. We have the following 
completeness relation : 


1 = / I«1 IV (A'I 


CO / D—1 


/A.n n 

^ n=l \M=0 


(3y,M (Jy,M 

1 \Xn,Xn)\Xo){Xo\{Xn,X. 


(5.16) 


Momentum eigenstates 

We start with eigenstates of P{cr). They are characterized by two conditions ; (i) they are 
eigenstates of T’(cr), 

Pm{ct)\P) = Pm{ct)\P), (5.17) 

and (ii) they satisfy the orthonormality condition, 

{P|P')= n S(P{a) - Pia)). (5.18) 

0<cr<27r 

These conditions determine the eigenstates. We factorize them into products of the Neumann 
and the Dirichlet sectors. 


\P) = \Pn) (8) IP,,). 


^ The following dictionary might be useful for the correspondence : 

Xn = , ^nM = PpM + > 

Xn“ = , PnM = PpM “ ^PPP i 


_ . (I) . . (II) 

QnM — '^nM + ’ 

4 _ - (I) • - (II) 

SnM — ^nM ' 


(5.19) 
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Let us concentrate on the Neumann directions. Construction of eigenstates of the Dirichlet 
sector is parallel. We parametrize the eigenvalues in terms of complex variables 'ipn/i {n G Z>i) 
besides the zero-modes po^. We put 




POf, 






(5.20) 


The eigenstates are given by the following inhnite products : 


Pn) = \Pon) ® JJ 'lPn)N, (5.21) 

n=l 


where \'ijjn,'ipn)N denote the normalized eigenstates of {'tpnfiy'fphfj) with eigenvalues (t/’n/x, t/’n/i), 
and the normalization conditions are taken as 

p 

iv«, ij'nli’n, ^n)N = 11'^ 6 (lm<^ - . (5.22) 

1 - 1=0 

These conditions ensure the orthonormality of \Pn)- Oscillator realizations of \'ipn,i^n)N are 
given in appendix |^. They turn out to be as follows : 


I V’ri) 


P+1 


\7mJ y'- det 


X exp 




n 


{'Ipnt.a-n + 




|0) . (5.23) 


Similarly to IWat), momentum eigenstates \Pn) provide another complete basis of PLcN- The 
completeness relation is 


1 = J [dPN] \Pn){Pn\ 

d^^^Pof[ |^n,^n)jv bojv)(Pov|jv('0n,'0n| ■ (5.24) 

n=l V/2=0 / 

Next we describe eigenstates of They are determined by similar conditions to those 

imposed on P(cr) and are factorized into products of the Neumann and the Dirichlet sectors : 



\p{B))^\p{B))^\p^y (5.25) 

/ D'\ 

We also concentrate on the Neumann directions. Let us parametrize the eigenvalues P/i {a) 
by complex variables Qn/i {n G Z,>i) and the zero-modes po^ as 




1 


^ n=l 


(5.26) 
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The eigenstates are given by the following inhnite prodncts : 


) = Ipon) ® If 


(5.27) 


n=l 


where \QniQn)N are the normalized eigenstates of (Pn/i, with eigenvalnes {Qn^^Qn^)- We 
normalize them by 


N^Qn^ Qn\Qrii Qn) N J_ J_ R-6Pn^)(5(Imp^^ Imp, 


n/i J • 


(5.28) 


/i=0 


The orthonormality of |Pjy ) follows from these conditions. Oscillator realizations of these 
states are given in the appendix. They tnrn ont to be as follows : 

p+i 


Qni Qn) M I 

' nVT 
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1 1 \ 
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X exp 


n n 


T Qrifiij^rpQ \ O'—n T ( jpff ) ^—n 


E' 


a 


1 1 




{lU 


| 0 ). 


(5.29) 


Momentnm eigenstates provide a complete basis of as well. The completeness 

relation reads as follows : 


1 = 


dP. 


{B) 


N 




oo / p 


d^^^PoYl I ) |p„, pn)7V bov)(PovU(fe, ^n| • (5.30) 


n=l \ii=0 


5.2 Some Observations 

The previous constructions give all the eigenstates in terms of infinite products of the cor¬ 
rectly normalized eigenstates of each massive modes. For instance the eigenstates I^tv) and 


\Xj:)) in (15.101) are given by the infinite products of |yn,Y«)v and Ixn, One can find 

p+i _ 

in Eqs. (|5.14|) and (|5.15|) that the normalization factors are respectively {:^) ^ \/—dhtp^ 

d _ 

and ^Jdetgij. Infinite products of these constants become the normalization factors 


of \X]s[) and \Xo)- Let us denote them by 


eM /-detg^„ \ 2 
^ ' ' (™')P+^ 


and = 
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nr=i 


i. ( det gij \ 2 

n-^ I —B ' 


(ira') 


The eigenstates can be written as follows : 


IA'n) 


oo 
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(TV) 


n=l 


1 Z Tl 

^—n9^y^—n !—7 (^X.n9^i'^—n X.n9^i^^—n} 7^ ~f"Kn9 

y a 


n 


kox) , 


\Xd) 

_ AD) 


crn-p 


n=l 


n 


al^gijA_^ -^ {xlgijaln + Xn^ii«-n) - ^XnQijX- 

A a' 


^od) , 


(5.31) 


As is performed in [Q, one may evalnate by nsing the zeta-fnnction regnlarization. This 

regnlarization scheme leads the following identities Q 


a = = a ^ = exp (—q;C'( 0)) = (27r) ^ , 


(5.32) 


n=l 


and thus we obtain 


_ 

‘-'X “ 


(2x^a 


n=l 


2„/\P+l \ 4 


- det 


A^^ - 

'-'x — 


2 ^l\d\ 4 


(2x^0;') 
det gij 


(5.33) 


It is important to recall that the boundary state \Bd) is an eigenstate of X'^{a) with eigen¬ 
values X*((t) = Xq. We have \BA) oc = XqA}- If one uses the zeta-fnnction regularization 
and adopts the above as the normalization constant, these two states become precisely 
identical : 

\Bd) = \Xd = xqd) ■ (5.34) 

Let us also recall that in quantum mechanics of a single particle, coordinate eigenstates |a:) 
are described by |x) = = 0), where p is the momentum operator. One may find an 

analogous realization for the string coordinate eigenstates. Taking account of Eq.( |5.34]) one 
can infer the following one : 

\Xd) =: exp j daX\a)Pi{a)^ : \Bd;xod = 0) , (5.35) 

where \Bjj;xo£) = 0) is the state ( b.34| ) with Xq = 0. This turns out to be the case. Using the 
previous parametrization of the eigenvalues one can find 

^27r ^ f7- “ 

daX\a)Pi{a) = x^p^ + ^ { {xW-n + Xn«-n) + (x>n + Xn«n) } • (5-36) 

n=l 


as) = Er=i EZi 1 = C(0) = -i 1 (- Inn) = C'(0) = ln(2^) etc. 
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It is easy to see that the normal ordered exponential in the RHS of Eq. (|5.35|) reproduces 
The formula ( [B.l| ) may be useful. 

The above discussion is also applicable to the string momentum eigenstates. We can write 
these states as follows : 


\Pn) 

oo 

=n 

n=l 

pif’) 


^-n9 "h T c\ '4’nfi9^ '4^r, 

Th Tlj 


a - 


boAf) , 


= c. 


,(B) 


JJexp 


71=1 


1 V O'' 

_TV (S'" + ^ 

n n 


Qnfi.(j^rpg\ OL_^-\- Q!_ 


a 

2n 


Qnfi 


E 


fiiy 


Qnv 


boAf) 5 


(5.37) 


where the normalization factors Cp^ and C„(s) are originally given by the inhnite products as 
follow from Eqs. (|5.23|) and (|5.29|) . They are regularized to 


Cpn - 


— det 




Cp(s) — 


det^ E, 


( 11 / 


(2a')P+b-det 


(5.38) 


(2a')P+^ ) ’ 

Boundary state |i?Ar) is an eigenstate of P/; '(a) with vanishing eigenvalue. We have IPa^) oc 
|p(^) = 0). If we use the above Cp(s) as the normalization constant, these two states become 
identical including their normalizations : 


\Bn) = 


pi^) _ Q 


(5.39) 


Momentum eigenstates can be realized in the quantum mechanics by b) = e^^^^b = 0); 
where x is the position operator. We can End an analogous realization of the string momentum 
eigenstates. It turns out to be as follows : 


P; 


{B)\ 


N / 


CXD 

JJexp 


n=l 


a 

An 


Qnfj, 9 


-1 


9--(Af-]Vq)j-' 


(lU 


Qnv 


X : exp i 


-27r 


daPl^\a)X^( 


a 


\Bn) 


(5.40) 


For the later convenience we provide a similar observation for the eigenstates \Pn) as well. 
Let |PAf)B=o state which is obtained from the Neumann boundary state iPw) by putting 


B^, = 0: 


\Bn) — 


— det V TT 

(2«'rv M 


exp (- 

' n 


| 0 ) . 


(5.41) 
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This is the Neumann boundary state in a vanishing B held background. One can readily 
hnd that this is an eigenstate of Pfj,{o') with zero eigenvalue: Pfj,{cr) |i?Ar)^^Q = 0 and hence 
\Bn)b=o ^ = 0). Comparing dehnitions (|5.37| ) and (|5.41|) , we hnd that these states co¬ 

incide with each other including their normalizations, if we adopt in Eq.( |5.38|) as the 
normalization of the momentum eigenstates. 

Concerning the state \Pn), a similar formula to Eq.( b.40| ) becomes 


ip»)=n 


exp 


n=l 


a 


V’r? 


: exp 


-27r 


daP^{a)X^{a) ; 


(5.42) 


This has the same form as Eq. (|5.4CI|) with putting = 0. 


6 Open Wilson Lines in Closed-String Theory (I) 


At the zero-slope limit, which is introduced in Eq. ([4.7|) and its below in order to capture the 
UV behavior of the world-volume theory, the generating function of one-loop amplitudes of 
open-string tachyons is shown to exhibit the factorized form ([4.17|) . It is expressed as a sum 
of products of two Wilson lines (strictly speaking, their analogues) along the same straight 
lines Xo(a), multiplying the propagators of closed-string tachyon. This shows that closed-string 
tachyon T has a tadpole interaction with the open Wilson line. It can be written in a form. 


f dxT{x)Vi, 


qIo d.a<p{xo (a)) 


. Its origin in string theory can be found in Eq. (|4.8| ). The interaction 
simply comes from the closed-string tachyon modes of boundary states, (iC \Bpf; (cxi, fcC))^ ... ^ 

Actually these boundary states have all the components of perturbative closed-string states. 
At the level of string amplitudes all of them propagate between the boundary states and 
contribute to the amplitudes. It is shown in that the straight open Wilson line can couple 
with the on-shell graviton and, as will be seen in the later section, it can be generalized to the 
off-shell. This indicates that all the perturbative closed-string states have tadpole interactions 
with the open Wilson line. Therefore we may unfasten the zero-slope limit ([4.17|) so that 
propagations of all these states are made manifest. In this section we pursue such a possibility. 
We also restrict to the case of 25-brane in the critical dimensions. 

Let us provide a general perspective on this issue before we start calculations. First of 
all, it can be expected that closed-string propagations including gravitons fluctuate the 
straight line appearing in Eq. (|4.15|) and transform it into curved ones. In other words we 
can expect that there are correlations between their deviations from the straight line and the 
propagations of closed-string states. These curves will appear as the corresponding Wilson 
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lines, and we may factorize the generating function into a sum of these products at the zero- 
slope limit. Analogously to the standard factorization of closed-string amplitudes the sum 
must be taken originally over the perturbative closed-string states. The above correspondence 
between curves and states will enable us to translate the sum as an integral over the space of 
curves. This integral may be suppressed by a suitable weight as the straight line is suppressed 
in Eq. ([4.17|) by the closed-string tachyon propagator. It is amazing that one can interpret the 
tachyon propagator as a propagator of the straight open Wilson line by notifying p^g^’^Pu ~ 
a'~‘^XQG^yXQ. The factorization ( [4.17| ) may be obtained from the aforementioned integral by 
integrating out the fluctuations. We may say that the straight open Wilson line is the average. 


6.1 Factorization by closed-string momentum eigenstates 

In order to justify the above perspective let us hrst factorize the string amplitudes by an inser¬ 
tion of a partition of unity. Use of that constructed from closed-string momentum eigenstates 
turns out to be relevant. It is given in Eq.( p.24|) as 1 = JldP^-] \Pn){Pn\, where the eigenvalue 


is parametrized by P^{(t) = 


2-k 


We factorize the amplitudes (p.42|' 


PO^ + E“.i 


by an insertion of Eq. (|5.24|) : 

{Bn; (o-M+i, , (ctm+at, \Bn; (cti, • • •, (ctm, 

= j [(IPn] {Bn; (cxm+i, • • •, {(Tm+n, 


P, 


N 


X 


N 


qs 


( 6 . 1 ) 


Two factors appearing in the above can be calculated by using the oscillator representations. 
These are given in Eq.( |3.31| ) (and Eq.( |3.41|) ) for the boundary states, and Eg. (^.37|) (and its 
hermitian conjugate) for the momentum eigenstates. Technical difficulties we may meet in the 
calculations are evaluations of matrix elements of the following type : 


(0| exp 




X exp 




M 


n 


n 


1 \ /I / 1 \ ^ 

J I I Pnar , I ^ ~V „-inar 


r=l 




| 0 ). 

( 6 . 2 ) 


These can be computed by using Eq. (|B.7|) in Appendix To describe the result it turns out 
useful to rescale complex variables V’n to 2gc^^'^„. After these rescalings the factorization can 
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be written as follows : 
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(6.3) 


The above factorization may be compared with the previons expression of the amplitndes. 
Terms in the hrst fonr lines can be fonnd exactly in Eq.( p.45| ). The other terms describe 
a factorization of P in the same eqnation. If we integrate ont ip-nfi and 4nfi provide 
Eq. (|3.47|) . These variables describe flnctnations of P^{(j). Corresponding degrees of freedom of 
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closed-string are given by the massive modes. The factorization of F in terms of those complex 
variables are plausible since F is the sum of contributions of these massive modes. 


6.2 Factorization by open Wilson lines 

We examine the zero-slope limit of the factorization (|6.3| ). The limit we discuss is same as that 
investigated previously to capture the UV behavior of the world-volume theory. It is taken by 
hxing parameters = a'\T^^'^\ and cxr besides the open-string tensors. We also keep xfjn and 
intact. They do not scale under the limit. It should be noticed that the complex variables 
used originally to parametrize do scale under the limit. This is because 'ipn and in 

(|0|) are the rescaled ones introduced by multiplying the original variables by 2qc^^. 

We hrst focus on the integral over and in Eq. (|6.3| ). Let us start by considering the 
hrst exponential in the integral. Scaling part in the exponent is expressed by means of the 
closed-string tensors and qc = . It has the form : 
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+ 


1 

-N^- + -N- 


.Qcg 


g-qiN^ 9 9 g - qi N ^ 

Dominant contribution at the limit clearly comes from the hrst term : 


(6.4) 
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.9c g 


±+ liV- 

g-q^N^ 9 9 g - q^ N ^ 


2 f — 1 
9c a g 


9G9 


Air'^qc a' 


(6.5) 


where we use equalities (|3.19| ). We turn to the determinant factors, which is also described by 
the closed-string tensors. Their contributions can be read as follows : 
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det^(5f — qc N) 


26 


det 


2 ^ — 1 
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9G9 
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( 6 . 6 ) 


The other two exponentials in the integral have similar forms. It is enough to know the behavior 

n _ 

of a\E'^ — qc E)~^ in their exponents. It can be read by using Eq. (|3.18|) as follows : 


a 


a 




(6.7) 


E^-qiE 

As we studied previously, contributions of the hrst four lines in the factorization (|6.3|) are to give 
rise to the straight open Wilson lines. The last pieces we need to estimate are the exponentials 
whose exponents are bilinear of with the weights, a'qc E~^g{E — qc It is enough 

to know the behavior of these weights. Again using Eqs. (|3.18|) and ( p.l9|) it can be read as 
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Ti ri n 

a'qi E~^g{E — qi E'^)~^ ^ —a'qcG~^ ~ 0. Thus we can neglect these pieces in the zero-slope 

limit. 

Collecting all these estimations we can obtain the zero-slope limit of the factorization. It 
turns out to be as follows : 


[(IPn] {Bn] (ctm+i, • • •, (um+tv, g, 


j {Lo+Lo~‘^) 


P, 


N 


X P 


dpo exp 


ns 


N 

(c) 


4 {Lo-\-Lo — 2) 


Bn] {(Ti, , (ctm, 


Pot,9^''Pou - ^ 


X 


n 

n=l ' 


dip^dipn 


X 


{AniY^ 

—detG 


-det 


ece 


flip 


X 


(2a')'® 

M 

X JJ^exp 
r=l 

-detGf,„ 


8n‘^nqc a' ^ 

M 


exp 


r26 


Po 


n 


NAOGori’n 

n 

IQn'^nqc a' 

^Tkl^'>ei^-'ki‘‘'>e(ar-as} 


r=l 


l<r<s<M 

oo 


- 

27r 


Po^ar + ^ y] - 




(2a') 


26 


r26 


M+N 

po+ Y1 

r=M+l 


e 2 '"m 

M+l<r<5<M+7V 


M^N 

X exp 

r=M+l 


27r ^ 


^ OO 

Po^ar + -^P-(i>r 




—mar 


( 6 . 8 ) 


In the above qc = e 


s(-) 


and the closed-string metric is understood as 


(27ra')2 • 

of the integrals with respect to po and 'ipn {'^Pn) become Gaussian integrals. The Gaussian 
weight of Po is while the weight of xpn is —, which is equal to 

Sn^nq^ q' 

-1 „^Jc) 


X ^ ^ e a' . Therefore the fluctuation of tpn is suppressed relative to that 

of Po exponentially by 


<;(c) \ _ a’TS 

e 


(a) 


. The mean value of tpn (t/’n) is 0{qpa'). Since it is 


negligible the integration of 'ipn and can be accomplished by just replacing it with the unityQ. 
After these replacements the above factorization leads to Eq.( [4.10D . 

Let us describe the zero-slope limit of the generating function by using the factorization 

^ The Gaussian integral gives suitable products of e bG*" (eT ’'*< p ^ pg neglected at the 

zero-slope limit. Actually speaking, these integrals cancel with the subdominant terms which we abandon at 
the preceding paragraph. 
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(|6.8| ). We start with Jt defined by ([4.81) . The LHS of Eq.( |6.8| ) is the momentum eigenstate 
factorization of the amplitude ( |3.42| ). Hence ( |6.8|) leads to a factorization of Jt at the zero-slope 
limit. As regards the delta functions we translate them into integrals as given in ( [4.13| ). By a 
straightforward calculation we obtain the following factorization of Jt at the zero-slope limit : 
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.(6.9) 


r=M+l M+l<r<s<M+N r=M+l 

Here we introduce a curve x{a) (0 < cr < 27r) parametrized by po and {Yn^Yn) follows : 


x^{a) = x^ + 


0,,u 


CO 

1 I 


4 71 ^ n (Vwe-‘"a _ 


( 6 . 10 ) 


The integrations of are performed over the region : 

0 < (Ti < ■ ■ ■ < (Tm < 27r, 

0 < (Jm+i < ■ ■ ■ < ctm+v-i < 27r. 


( 6 . 11 ) 


The generating function is defined by (|4.12|) . The zero-slope limit can be obtained from 
by multiplying J p{k^'^">) and summing up with respect to M and N. These 

are the same steps as taken previously to obtain the factorization by the straight open Wilson 
lines. At the present factorization they give us the following zero-slope limit : 

00 00 /, M-\-N 
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V (2a')26 J J (27r)26 

Modulo fixing the U{1) symmetry the generating function is factorized into a sum or an integral 
of products of two open Wilson lines taken along the curves. The first term in the above 
integral can be thought of as a measure for the curves. Actually we can decompose x{a) 
into a:o(cr) + 6x(a). Here Xo(ct) is a straight line which connects two ends of the curve. dx(a) 
describes a fluctuation from the straight line and becomes 27r-periodic. x and po in Eq.( |6.1CI|) are 
determined by Xo(o') while 'ipn are determined by 6x{a). It may be also interesting to describe 
the curves in terms of loops in the momentum space. Let p{a) be a loop in the momentum 
space. This gives a curve x{a) by x^{a) = B^^'^pYY- Po and xjjn in Eq. (|6.1CI|) are determined by 
p = dap{a) and i/'n = Jq^ dae'^'^'^p{a). 

The integration of 6x{a) are suppressed exponentially compared with xo(cr). It can be 
accomplished by replacing the integration variables with their mean values and becomes unity 
at the zero-slope limit. Then the above factorization reduces to that by the straight open 
Wilson lines. 


7 Gluons in Closed-String Theory 

Our study of gauge theory starts from this section. An analogue of gluon vertex operator of 
open-string is introduced in closed-string theory. Investigation of its Bogolubov transformation 
leads a renormalization of this operator. It will be shown that the renormalized operator 
enjoys the standard properties of (open-string) gluon vertex operator, including the action of 
the Virasoro algebra. These operators, acting on the Neumann boundary state, give rise to 
boundary states which turn out to be identified with the boundary states of (open-string) off- 
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shell gluons. In particular we will show that closed-string tree amplitudes between these states 
coincide with the corresponding gluon one-loop amplitudes of open-string. Our discussion in 
this section goes almost parallel to Section where the boundary states of off-shell open-string 
tachyons are constructed. 


7.1 Bogolubov transformation and renormalization 

In closed-string theory an analogue of gluon-vertex operator may be taken as 

VA{a,T-k) = : 

= i : A^{k) {zd - zB) z) ■ : , (7.1) 


where {p + l)-vectors k^ and A^{k) are the momentum and the polarization vectors. The 
polarization vector is the Fourier transform of U{1) gauge field Afj,{x) : 


A^{x) 


dP+^k 

(271)^ 


A^,{k)e^’^''^' 


(7.2) 


The gauge field takes value in M. This yields A^{k) = A^{—k). While we concentrate on f/(l) 
gauge group in this paper, it can be straightforwardly generalized to U{N) by assigning the 
Chan-Paton indices. 

Let us express the above operator in an auxiliary form. This often makes subsequent 
calculation facile. Let a G M be an auxiliary parameter. We write the operator in an exponential 
form : 


d - 

Va((T, r; k) = i — 14 ( 0 -, r; k] a) 
da 
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(7.3) 


with 
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oo 

Hexp 

n=l 

V 2 n 

1 + inaA^{k'^aPz~'^ + — ma4^(fc) 


(7.4) 


The relation ( [7.3|) implies that the terms proportional to higher powers of a become irrelevant 
to the amplitudes. 
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We consider the Bogolubov transformation for Va generated by gjv given in Eq. 
”1) we can write down the transform as follows : 

gN^VA (cr, r; k] a) qn = R{r; a) ad^-i 14(0-, r; fc; a) , 


Using 


(7.5) 


where 


/?(r; a) = 




\z\ 

to 
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2 \ 


X exp 


-za^A.ik) {g-^ {N - N^) g-^ 
-a^^Af,{k) {g-^Ng-^Y" A^,{k) f 


(7.6) 


The operator ad 'T] k] a) is defined to be 

R N 


adg-iVAic, r; k] a) = Ma{z; k] a)MA{z; k] a)l4(o', r; fc; a) , 


(7.7) 


where Ma(z', k] a) and Ma(z; k] a) consist of the creation modes alone and take the forms of 
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M.A{z]k]a) = JJ^exp 
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OO 
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2 n 
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2 n 


kf,- inaAYk)j{g ^N'^Y^a^_^z~ 
k^ + inaAgik)) {g~'^ NY 


(7.8) 


In the transform ( [7.5D we can find the same singularity structure as that of the tachyon. It 
is due to the factor i?(r;a), which is responsible for the singularity of the transform ([7.5|) at 
the world-sheet boundary, r = 0(-v^ \z\ = 1). This factor contains an exponential in addition to 
the same factor which appeared in the transform gY^TQN- Let us make a few comments about 
this extra factor. The hrst term of the exponent is proportional to a. The closed-string tensor 
g~^{N — N'^)g~^ used there is translated into . The second term becomes irrelevant 

since it is proportional to a?. Therefore the net effect of this extra factor is to give a term 
proportional to 9. Particularly in the absence of a constant B field, R{t] a) reduces to that of 
the tachyon. 

The singular factor which appears in the transform of the tachyon vertex operator has been 
expressed in Eq. (|3.12|) as the self-contraction between the chiral and the anti-chiral parts of 
Vt- In the present case as well, we can think of the singular factor as such a self-contraction 
of U 4 (<v, t; fc; a). In fact, we can express i?(r; a) by using the chiral-anti-chiral correlation 
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(X^^izi)X''iz 2 )) = —^{g ^Ng -of Green’s function Zi 12 : 2 , 2 : 2 ) as fol- 

Z \ ■212^2 J 

lows : 


R{t] a) = exp 


{k^ — iaAYk)zd) {k^ + iaA^{k)zd'j (^X^{z)X'^{z)'^ 


(7.9) 


As mentioned in the analysis of tachyon, boundary states induce correlations between the chiral 
and the anti-chiral sectors, and this feature is characteristic of systems of interacting closed- 
and open-strings. 

We wish to hnd out a relation between ad^-ilG and open-string gluon vertex operators. 
Previous discussions to establish the relation between ad^-iVr and open-string tachyon vertex 
operators consist of : i) Description of the OPE between ad^-iVr, which turns out to be given 
in ( |3.9|) by using Green’s function {zi,zi\z 2 iZ 2 ) and allows us to introduce the renormal¬ 
ized open-string tachyon vertex operators ii) description of the diffS*^ action on 

which turns out to reduce at the boundary to the standard Virasoro action on open-string 
tachyon vertex operators, and iii) reproduction of open-string one-loop tachyon amplitudes by 
the boundary state formalism. We repeat these analyses as for gluons in the following. 

Let us examine the OPE between ad^-iVA. It is convenient to start with the OPE between 
the auxiliary operators. The standard calculation leads to 


Va (o-i, rp ai) Va (as, Ts; as) 

= exp [i {fc(i) - iaiA^(Y^^) (zid^, - Zidg,) } 

X* (^2^22 - ^ 242 )} In [ 2 : 1 - 2:21 

X : Va (cTi, rp ai) Va (as, ts; as) : , 


(7.10) 


for \zi\ > l^sl and z\ Y ^ 2 - Since ad^-iPi have the form given in (|L7|) , we can obtain their 
OPE from the above by taking account of the OPEs between Ma,A4a and Va- We hnd that 

ad^-iP4 (ai,rp/c(^);ai) ad^-ipA (as, Ts; ^^^^ 2 ) 


= exp 


- iaiAf,(Y^^) (zid^^ - zidg,) 

- ia2A^(k^^^) (z2d^2 - ^ 2 %) 


xz 


^ 1 , 2 : 112 : 2 , 2 : 2 ) 


X : ad^-iI4 (ai,rpfc(^);ai) ad^-iI4 (a2, Ts; as) : , 


9jv 


(7.11) 


for \zi\ > 1 2 ( 2 1, |: 2 i^ 2 | > 1 and Zi Y ’^ 2 - This is a direct extension of the tachyon case (|3.9|) and 

suggests an interpretation of ad^-iVG in terms of the gluon vertex operator. 

9n 
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(7.12) 


(7.13) 


Let us introduce the renormalized operator by the following subtraction : 

y;"” (a, r; t, a) = a)” (a, r; fc; a) . 

In other words, 

k; a) gN = ad^-iyA(cr, r; k] a) . 

In addition to the subtraction of the singular factor i?(r; a), a hnite subtraction is made in the 
above by the multiplication of Although it vanishes in the absence of B field, 

this factor becomes surely necessary in general. Without this subtraction we cannot reproduce 
even the standard Virasoro action which we present below. The renormalized operator (|7.12|) 
gives rise to y^®"- by the relation (|7.3|) . We refer to r; k) as renormalized gluon vertex 

operator with momentum k^ and polarization A^{k). It can be written as follows : 
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x|K,(<T.Tii)-y^(l;)9'"'iTi-i^ +WT(<T,T;fc)j , (7.14) 


where r; k) y= VA(cr, T]k]a = 0) j is the closed-string tachyon vertex operator. 

Next we will examine the action of diffS*^ on the above renormalized operators. As a 
shortcut we use the description in terms of boundary states. Relevant states are introduced as 
Rat [A]; a; (a, k) ) and Rat [A]; (a, k) ). The hrst states are dehned by using as follows : 
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59 
















where Eqs.(|7.7|) and ([7.13|) are utilized to obtain the oscillator representation. The second 
states are defined similarly by using as 


Bn[A]-, (a, k)) = _lim r; k) \Bn) = i-^ .BAr[v4]; a; (a, k) 


r^OH- 


(7.16) 


a=0 


The oscillator representation can be obtained from ( [7.15 ). This yields 

. d 
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^s) 


(7.17) 


where |i?Ar; (a, fc)) is the boundary state with a single open-string tachyon given in ( ^.201) . 

Let us recall that generators of diffS'^ are Lm — L-m {m E 1i). Their actions on the states 
Bn[A\-, a; (a, k) ) turn out to be as follows : 


Lm L—jyi 


= e 
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“ m)aA^{k)} f j 
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-a^a -mim — l)(m -|- l)y4„(fc) AJk) 
6 


Bis,[A\,a]{a,k)) , (7.18) 


for Vm G Z. As regards the states 
the above by differentiating it with respect to a and then setting a = 0. We obtain 


Bm[-A\] (a, k )), the actions of — L_„ can be read from 


Lm L—yti 


S^[A];(a,fc)) = + 5;v[A];(a,fc) 

+e^^^a'm^k^G>^’^A^{k) |5^;(ct,A:)) 


(7.19) 


The RHS can be compared with the standard Virasoro action on (open-string) gluon vertex 
operators of the same momenta and polarizations. We find that they are identical with each 
other. 
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The Isliibashi condition imposed on B]\j[A\] (cr, namely the vanishing of the RHS of 
Eg . (17.191) , modulo total derivative with respect to a, requires the well-known physical state 
condition of the gauge held : 


= 0 , = 0 


(7.20) 


By the same argument presented for the tachyon the above action is translated in closed-string 
held theory to the action of the BRST charge Qc- The BRST invariance of these boundary 
states becomes precisely the on-shell condition of the gauge held. 


7.2 Boundary states with M gluons 

7.2.1 Construction of boundary states with M gluons 


Previous constructions ( |7.15| ) and ( |7.17|) are generalized to the cases of M oh-shell gluons. Let 
us start with the states 
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■ • • tm; aM)gN) |0) , 


(7.21) 


where the insertion points Zr = (r = 1, 2,..., M) of the auxiliary renormalized operators 

are distinct with each other, satisfying the condition \zi\ > \z 2 \ > ■■■\zm\ > 1- The 
oscillator representation can be obtained by taking account of the relation ([7. 131) and then 
using the OPE ( [7.11j) . It turns out to be 
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(7.22) 
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Limits Vr^ —> 0+ of the above states may be interpreted as auxiliary boundary states of 
M off-shell gluons. They are auxiliary since the parameters are still included. This limiting 
process corresponds to sending the operators onto the world-sheet boundary. We then obtain 
the following states : 
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(7.23) 


We can repeat the above argument with replaced by V^'^. This gives rise to the states 
i?Ar[7l];(ai,fcW),---,(aM,fc('^))) = hm y;-(ai, n; fc^) • ■ ■ ^^''(aM, tm; fc('^))|5w).(7.24) 

/ VTr—^0+ 

These states are expected to be identified with boundary states of M off-shell gluons. In order 
to justify this identihcation, we should evaluate closed-string free propagations between these 
boundary states and compare them with the corresponding open-string one-loop amplitudes. 
Nevertheless, the oscillator representation of the states (|7.24|) becomes too complicated to 
evaluate the amplitudes. Taking account of the relation (|7.14|) it becomes convenient to use 
instead the following equivalent realization : 
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B4A\-,{ar}; (cxi, , {au, k^^'^)) , (7.25) 


ar=0 


where the operation ^ means putting = 0 (Vr) after the differentiations. 
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We note that the boundary states ( [7.25|) become available in the absence of B held by 
putting = 0 . 


7.2.2 Construction of dual boundary states 

The dual boundary states are required in order to obtain the closed-string tree amplitudes. We 
construct these states by taking the same route as the tachyon case. 

We begin by considering the Bogolubov transform of Va generated by which is the BPZ 
dual of ( 7 AT given in Eq. ( |3.32| ). We have 

5'jv^A(cr, T] k] a) = Roo{r, a) ad t 14(o-, r; k; a) . (7.26) 


(7.27) 


ffjv 

Here we introduce a regular operator ad t VaIct, t; k; a) dehned as 
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ad t Va{(t, r; k] a) = 14(o-, r; k] a)MAoc(z; k; a)MAoo{z] t, a) , 
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(7.28) 


i?oo('r; a) in the above denotes the singular factor. It takes the same form as R(t; a) with 2 ; and 
replaced by I/ 2 ; and —respectively : 


i?oo(r,a) = (l-|z|^) 

X exp 
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+^a^AYk) (g-^ (N - g'T 


(7.29) 


This factor represents the self-contraction between the chiral and the anti-chiral pieces of Va- 
It can be written in terms of the chiral-anti-chiral correlation (X^(^i)X'"(^ 2 ))oo of Green’s 
function G^{zi,Zi\z 2 ,Z 2 ) : 

Roo{T]a) = exp — (kfj^ — iaAYk)zd) + iaA^{k)zd)/x^{z)X'^{z)') ■ (7.30) 

L \ / ooJ 

Dual of the auxiliary renormalized gluon vertex operator, H^^(cr, r; fc; a) is introduced by 
the following subtractions : 


V'^ (<T, r; k; a) = a)-‘y,(<T, r; k; a) , 


(7.31) 


63 















where the finite subtraction has been made as required previously. Dual of the renormalized 
gluon operator, which we call r;fc), is obtained from the above by using the relation 

(O): 

d 




a=0 






X f 4 (a,r;fc) + -(A^(A;)«,) 


TT 


+ o T] k) 


(7.32) 


Let us describe the dual boundary states. We first consider the states 

Ti; 4<‘>; a,) • ■ • tm; 4'"'; om) 

where the insertion points are all distinct satisfying the condition, 1 > \zi\ > \z 2 \ > ■ ■ ■ > \zm\- 
We then take the limit Vr^ —>■ 0— of these states. Thus we obtain the duals. They take the 
forms of 

'Bn[A]] {ar}] (cTi, (cr2 , , (ctm, 

VTr^O— 


det ^ 4 


M 




{2a')P+^ 

M 

X J]exp[2a'G^'^ In - e*' 

M 

I 




r=l 

oo 


s'iv 


n=l 


+ (4P - »na,/l„(4W)) ( is)" alle*""' 


(7.33) 


The oscillator representation in the above is derived from Eq. ([7.31|) and the following OPE 


between ad t 1^4 : 
9n 


ad^t^l4(o-i, Ti; fcPP ai) ad^t Ki(cr2, T2] k^^^] 02 ) 


9n 


= exp 


- iaiA^k^^'^) {zidi - Zidi) 

X I k^y^ - ia2Ayk^^'^) {z2d2 - ^ 2 ^ 2 ) W^y{zi, Zijz2, Z 2 ) 


X : ad t 14 ( 0 - 1 , rpfcPPai) ad t 14 (o- 2 , r 2 ;fc^^P 02 ) : , 

yjY yN 


(7.34) 
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for 1^11 > 1 ^ 2 !, 1 2 ^ 12 ^ 2 1 < 1 and z\ ^ z^. Duals to the states ([7.24|) are obtained from ([7.33|) as 
follows : 


Sjv[A]; (ui, ^ /;;W) 


M 

-"n 

r=l 


A 

c?ar- 


57v[A];{a4;(cri,fcd))^...^(o-^^/jW) . ( 7 . 35 ) 


Ouj -—0 


7 . 2.3 Closed-string propagation 

We now come to computations of closed-string tree amplitudes between the boundary states 


(|7.24|) . It is a straightforward generalization of what we did for the boundary states of off-shell 
open-string tachyons but becomes much complicated. 

To avoid an unnecessary complication and make the result transparent let us calculate the 
following amplitudes : 

Bn[A]] {aj; (um+i, , [ctm+n, 


X g, 


\ (^Lo-\-Lo—2^ 


BN[A];{ar}; (ai, , (ctm, k^^'^)), (7.36) 


where Qc = These amplitudes reduce to the amplitudes in question by using the relations 

(fr^ and (17351) . 

We can factorize the amplitudes into products of two kinds of contributions from the zero- 


modes and the massive modes of closed-string. By using the oscillator representations ([7.23|) 
and ( [7.33| ) these become as follows : 

Bn[-A\] {cir-}; (cTm+I, • • • , (cTm+W, 


xqc 


det \ 2 


^ (r^o+r/Q— 2 ) 


{2a')P+^ 


Bn[A]; {a^}; (cxi, fc^)),. • •, (a^, k^^^) 

-i_oc'sr^M s;^M + N 

^ 4 z^r=i z^s=M+i y 


/M+7V 


Qc 


\ r=l 


l<r<s<M M-\-l<r<s<M-\-N 


.1 


X e‘ 

X J] exp [2«'G^" (fcM - arA^{kA))d„;) In |] 

l<r<s<M 

X n exp [2a'G^" In |] 

M+l<r<s<M+N 

(7.37) 


X Fa (gc, {(Pr} , {k'^A} ; {a^}) 
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Here Fa represents the sum of contributions from the massive modes of closed-string. It is 
given by the following inhnite products : 


Fa (gc, {o-r}, ; {aj) 

OO r 


exp 


n=l 


a^N a"" 


\/2a'q, 


ij 


n 


f / 1 

(A^P + <e-‘“ 

^A/T-LI ^ \ / V 


r=M+l 


+ pp - ma^yipfcW)) ( id" ay”" 


X exp 


_ N o'" 

n 

M 


n 


Y1 { ~ inarA^{k^^'>)) ( -^g 


r=l 




+ (fcW + inarA^{k^'''>)) ( a'^_^e 


— inCFr 


| 0 ). 


(7.38) 


We need to evaluate the above inhnite products. These are carried out in Appendix We 
just quote the result obtained there. These turn out to be as follows : 

Fa fc, {ar}, {a'”’} ;{ar}) 


n=l 

X 


n 


exp 


l<r<s<M 


X 


n 


M+l<r<s<M+N 


M M+N 


2a'G^'^ (fcW - 

/ n“=i (1 - (1 - e-^Fr-<^s)qn^ 

I n“ 1 (1 - 

exp \2a'G>^'^ (fcW - 

((Tr-Os)^n\ _ p-i(crr-crs)gnj 


X In 


nPi (1 - (1 - e- 

nPi (1 - €f 


r=l s=M+l 


X n n ''''P 
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f n“=o (l - (l - 


X exp 


X In < ^ 

\ n“ 1 (1 - ??) 

f oo 

2a'G>^‘' In m (1 - g") 


M-hN 


r=l 


, n=l 


(7.39) 


We have used the total momentum conservation, obtain the above ex¬ 

pression. The last exponential will be ignored since the exponent is proportional to (a^)^ and 


dr —0 


operate on the amplitudes. 


this term brings about nothing when ^ 

The amplitudes which are obtained by plugging Eq.( |7.39|) into Eg. ( [7.37[ ) may be written 
down by using the elliptic 6 '-functions. With a similar manipulation which leads Eq.( |3.5CI| ) we 
can recast the amplitudes into the following forms : 

BN [ A ]]{ ar ]] (ctm+i, • • •, (ctm+at, 


xg, 


\ (^Lo-\-Lq—2^ 


B]y[A]; {ttr}; (cxi, ■■■, (ctm, 


det \ 2 


{2a')P+^ 


^M+N 




X 0 2"''' 

l<r<s<M 




r=l 

e“2"''‘ 


M+l<r<s<M-|-V 


M+N 


X 


r=l 

2aV^’' (fcW - 


X exp 

l<r<s<M 


X (fcW - In 


01 


\(7r (Tsl 


2n 


-(c) 


Tj (rh))" 


n 


X I I exp 

M+l<r<s<M+N 


2a'G^’^ (fcW - arA^{k^^^)d^^) 


M M+N 

xij n 

r=l s=M+l 


X (fcP) - In 

X (fcP) - In 


ei 


\crr fTs I 

27 


-(c) 


T] (rh))" 


e, ( 


^r-O-s I T-(c)' 
27r I ^ 


7] (rh))- 
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(7.40) 

where we put Kfj_ = above expression we have included the contribution of 

the ghosts, n“=i(l - ?c)^- 


7.3 Comparison with open-string one-loop calculation 

We compare the amplitudes (|7.40|) , taking account of closed-string propagations along the 
Dirichlet directions, with open-string gluon one-loop amplitudes. The discussion goes parallel 
to the case of the tachyon. We hrst describe the open-string calculation. We use the same 


conventions as in subsection 3.4. 


7.3.1 Open-string one-loop calculation 

Open-string gluon vertex operator of momentum k is given by 

k) = iA^(k) : (d, + d,)X>‘(p, . (7,41) 

where p and (^, a) are respectively the complex and the radial coordinates of the upper half¬ 
plane (open-string world sheet). A^{k) are the polarization vectors or the Fourier modes of 
the f/(l) gauge held We consider the scattering process of M -|- iV gluons with mo¬ 

menta k^'^\ Diagram relevant to the one-loop scattering process can be drawn on the up¬ 
per half-plane as depicted in Figure The corresponding gluon amplitude, which we call 
Ja ((fcW, ■ • •, fcW); (fc(^+i), • ■ ■, fc(^+^))), is given by a sum of traces of their products ar¬ 
ranged in cyclically distinct orders with keeping their partial orderings at the each end : 

= Tr 0; k^^'>) • ■ ■ 0; k^^^) 

X Al/7""(1, vr; ■ ■ ■ AV^’^il, vr; 

+ .. (7.42) 


In order to obtain the above amplitude it becomes convenient to introduce the gluon vertex 
operator in an exponential form. Let a G M be an auxiliary parameter. We put p] 


: exp {ikf,X>^{p, p) + iaAf,{k){dp + dp)Xf^{p, p)} . (7.43) 

This operator is related with the vertex operator (|7.41|) by 


V7“(J,<7i4)= 


a=0 


(7.44) 













The corresponding amplitude constructed from instead of will be called I a- It is 

given by 


Ia ai) ,■■■, {k^^\ au)) ; au+i) , •' •, OM+iv))) 

= Tr I (1, 0; ai) ■ ■ ■ Ay/^" (l, 0; k^^k^ ^m) 

X Ayr'^" (1, tt; k^^+k. ... Ay7- (1, vr; ^m+n) ] 

+ . . (7.45) 

The gluon scattering amplitude I a can be obtained from I a by differentiating it with respect 
to Qr and making them vanish: 


((fcW, • ■ ■, 


M+N 

n 

7"=! 


A 

dar 


CLf —0 


Ia {{{k^k^ai) , • ■ ■, au)) ; om + i ) , • •', aM+N))) ■ 

(7.46) 


Due to the existence of the auxiliary parameter the Virasoro algebra acts on the auxiliary 
gluon vertex operator in an unfamiliar form. The generators have been given in ( p.56| ). 

Their action turns out to be as follows : For n G Z 


= + (^ + + (n + l)ra— 

+ n{n + l)aa'k^G^^’^A^{k)C~^ 

0; k- a), (7.47) 


and the same form on k;a) except replacing ^ by —^ in the RHS. By applying the 

relation ([7.44|) to the above equation we obtain the standard Virasoro action on the gluon vertex 
operators. The auxiliary operators become the tachyon vertex operators simply by letting a 
vanish in (|7.43|) , and the above action reduces to the standard action on the tachyon vertex 
operators. 

We can evaluate the amplitude I a in the standard manner. The open-string propagators in 


(|7.45|) may be replaced by the integral forms. The above Virasoro action implies : 


7° y7^7l, 07; a)r^° = 

7 °V7""(l,7r;A;)r^“ = vr; fc; 7). (7.48) 
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Utilizing these properties we can write the amplitude in the following form : 


Ia {{{k^^\ai) , • • •, au)) ; om+i) , • • •, OM+iv))) 


„ M+N ,. M+N 

/ n ^ n 


r=l 


X TV [iT" (?1. 0 ; ?i«i) • • ■ VT'” (?«. 0 ; «mom) 

7^- vr; ^M+iYOM+iv) ^mVat 


+ 


(7.49) 


The coordinates in the RHS are insertion points of the auxiliary gluon vertices and provide 
a parametrization of the diagram. Another parametrization can be obtained by mapping the 
diagram to the cylinder with width tt as depicted in Figure |. Correspondingly are mapped 
to Ur by = — ln.^r- We put = — ln,^M+v- These are the open-string parameters. 

To evaluate the RHS of Eq. (|7.49|) , we hrst normal-order the products of the auxiliary oper¬ 
ators within the traces by taking account of their OPEs. For instance we use 


t>7“ (6,0; km- ai) V7“ (fe, 0; aj 

= X ('!?’+<.,. 4 .(t<»)i 4 ) ln( 5 l- 52 ) 

X : 1 / 7 “ (6.0;*:<‘';ai) VT" (&,0;A.P';a,) : , 

vr" (6.0; km- a,) vr" 4; o.) 

x:V:r”te.0;fc<‘>;a,)V7“(6,4;fcW;a2): . (7.50) 


for ,^1 > .^ 2 - We still need to take traces of these normal-ordered operators. After straightforward 
but wearisome calculations the amplitude can be written down in terms of the open-string 
parameters. It turns out to be the following integral : 


Ia {{{k^^\ ai) , • ■ ■, {k^^\ om)) ; ((fcW+b, aM+i) r r om+v))) 

( M+N \ 

Tt y 


M-|-l<r<s<M+7V 


X n n 

l<r<s<M M 

„ M+A^-1 

xJdTm J] 

r=l 






a 


p+i 

“2“ 26-0 (ol 

g 24 TJ 


.(o) 


27rf 


-D+2 


K^(9G9)m<'K^ 

X e 4 c«'t(°) 
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M M+N 

X n n 

r=l s=M+l 
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{us — ur)" / — 7 " 

X In e 2 r(o) ri - 

^ ' ' 27ri 
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-3 


\ ( [^s + *7r) - Vr 


27ri 
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27ri 
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r=l 

X exp 

l<r<s<M 


M+N 


r=l 


JJexp JJexp <j - a,A,(A;«)) 




X In < ie 2 t(o) rj 


27ii 

M+N 


-3 


(■/a-^T-)^ / _7-(°) \ / J/ J/ 


01 


27ri 


T-(o) 

27ii 


X J] exp{a,a'fcMG'^'^A,(fcP))} J] exp 


r=M+l 


r=MH-l 


n 


X I I exp 

M+l<r<s<M+7V 


2a'G^" ( fcW + 


_( i / g - 1/^)2 / —^(o) 

X In <{ ie 2 t(o) n - 

' ' V 27ri 


-3 


Us - Ur 


27ii 


-T 


(o) 


2'Ki 


where the integration of the open-string parameters are performed over the region 


(7.51) 
, and 

Kfj_ is given by Kfj_ = ■ Contribntion of the world-sheet reparametrization ghosts has 

been included in the above. 

In order to compare the amplitude ([7.51|) with Eq. ([f.40|) we map the cylinder drawn on 
the M-plane (Figure ^ to the cylinder on the n-plane (Figure |^) by conformal transformation 
V = 2tiu/N\ Ur are mapped to by cXj, = 2'KUr/T^°k We put = 2'Ki/N\ These are 
the closed-string parameters. We note that an insertion point of the (M -|- iV)-th auxiliary 
gluon vertex operator is fixed at ctm+v = 27r. By making use of the modular transformations 
(|3.64|) the above one-loop amplitude can be described as an integral with respect to and 
ar- Subsequently we use the relation (|7.46|) . An integral form of the M + N gluon scattering 
amplitude is obtained in terms of the closed-string parameters. This turns out to be as follows : 

1 N 1/2 /M+N \ 
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nioo r ^+N—l 
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„ ^iO 
ar=U 

M+N 
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(c)\Q:'fcJr>G'"‘"fcM 
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M M+N 

n n '*^p 

r=l s=M+l 


2a '- a,v4^(fc(")) 
X In i ?7 ^ 04 
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~3 „ / (Tc 0*5 




5cr, 


27ri 


-(c) 
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X TT exp 

l<r<s<M 


M+N 

X exp 
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2a'G>"' ( fcW - a,x4^(fcM)— ) ( - a,x4,(fc(*)) 


X In < r; 01 


— 3 ^ (Tt^ 


A 

'9a, 


r=M-|-l 


^l—a’kl:>G‘“‘A,(m) ) n P^P j (*"(’'''"’■ + “"^e(*:P')) 

X In i r; ^ ^1 
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M-I-7V 


-(c) 
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X I I exp 

M+l<r<s<M+N 


da, 

. ~3 „ ( CTs 




2ti 


T 


(c) 


(7.52) 


where the integration of the closed-string parameters are performed over the region ( |3.66|) . And 
we have rescaled the auxiliary parameters to {—iN'^)ar. 

The above integral form allows us to express the one-loop amplitude of M -|- A^ gluons by 
using the closed-string amplitudes given in (|7.40|) . Including the contribution of closed-string 
propagations along the Dirichlet directions we hnally obtain the following equality : 


= 2m{— 


pioo / 1 \ 2fi D 

|Wi TT ® [ drWeH"‘'’+*)^ TT(_,r 

r=l ar=0Ji0 ^=1 




M 

X JJ^exp 
r=l 


(—ir^d) 


n exp 


M+N 


r=M+l 


-i+)) 
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M+N-l 


r=M+l 


dar {Bd\ ® (BN[A]]{ar}] (ctm+i, • • •, {(Tm+n, 


^O+^Q-^ 


X qc 


M 


r=l 


J^cicT, Bs\A]\ {a,}; (ai, *:''>),■■■, (aw, ® |Bd> 

(7.53) 


where the integration is performed over the region (|3.66 ). All the additional terms appearing 
in the RHS become completely vanishing when the on-shell conditions ([7.20 ) are imposed on 
the gluon vertices at the critical dimensions. 


8 UV limit of Non-commutative Gauge Theory 

Low-energy world-volume theory of open-string gluons in the presence of a constant B field is 
a f/(l) gauge theory on the non-commutative world-volume. In this section, taking the same 
route as the previous study of the non-commutative scalar field theory, we investigate the UV 
behavior of the non-commutative gauge theory. Our study in this section is restricted to the 
case of 25-brane in the critical dimensions. We examine two zero-slope limits of the one-loop 
amplitudes of gluons. One is based on the open-string parameters and the other is on the closed- 
string parameters. These two limits, as we explained in the study of the non-commutative scalar 
held theory, are complementary. 

We hrst take a zero-slope limit based on the open-string parameters {T^°\vr)- Eg. ( |7.51|) 
may be used as an integral form of the amplitude. Strictly speaking, the amplitude is obtained 
from this integral by using the relation ( [7.46|) . The zero-slope limit will be a gauge theory one- 
loop amplitude, particularly written in terms of the Schwinger parameters, and T^.. These 
parameters are related with and Vr by the relations (|4.1| ). The auxiliary parameters are 
also used in the amplitude ([7.51|) . They are introduced in order to describe the gluon vertex 
operators ([7.41|) in the auxiliary forms (|7.43|) and to make the loop calculation tractable. At the 
zero-slope limit the gluon vertex operator become iA^{k)^ -v^here a;(s) is a world¬ 
line parametrized by the Schwinger parameter s. The auxiliary vertex operator is expected 

ifk x^(s)-i-KA (k) 

to be e W ^ ^ 7 in the world-line description. Here k is an auxiliary parameter (a 

counterpart of a in the field theory). A simple dimensional analysis shows that k is dimensionful 
and proportional to a'a. Therefore the zero-slope limit must be taken by fixing the following 
held theory parameters in the amplitude : 


(o) / (o) rji / / 

’ = ar^ k Ir = a Ur, Kr = a ttr- 


(8.1) 
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Simultaneously we also need to fix open-string tensors Gav and 9^^'^. We rewrite the amplitude 


( [7.5 1|) in terms of the above parameters and then pick up the dominant contribution of the 
a'-expansion. These are parallel to what we did in the previous section to obtain the zero-slope 
limit ( |4.3| ) of the tachyon amplitude. By using the relation ( |7.46| ), we find that the following 
integral turns out to be the zero-slope limit : 
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Y, ] 11 
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K^iOGOY^K, 


62 ^ 
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kYd^''kY 


^ —0 

M+N 

X JJ exp{-e(")K,fcWG'^M,(fcW)} 
r=l 
M+N 

X exp 

r=l 
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4s(o) 


/ n 

r=l 
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- Y^+rAYk^^'>)) 


X 


n 


r<s 


( k^:^ - (kY - e^^+sAYk^'^) ^ 


X 


{Tr-+y 

.A°) 


dTr 


+ I^S ~ Tr 




( 8 . 2 ) 


where take values ±1 such that -|-1 for 1 < r < M and —1 for M + l<r<M + N^ and 
the integral is performed over the region (|4.4|) . If we neglect Kr besides their differentiations 
the above zero-slope limit reduces to Eg . (14.31) , modulo the factor This power has a 

simple origin in the scaling relations, Kr = a'ar- It was discussed previously that exp |^| 
the integral comes from the Schwinger representation of the open-string tachyon propagator, 
exp ~ i^)}- Presently the same term may be interpreted as an IR regularization of 

the amplitude by an analytic continuation of to a small positive nY. 

The above zero-slope limit can be identihed with the corresponding one-loop amplitude of 
the non-commutative U{1) gauge theory. Some related calculation in the gauge theory may be 
found in [^] 0. Similarly to the scalar held theory, exp I I in the above integral 

is understood as a UV regularization |]^ which depends on the external momentum K. In 
the gauge theory as well, this causes the problem of UV-IR mixing and makes the held theory 
description at high energy scale difficult. 

. The integration measure used in that paper is different 


® Eq.(R2[) may be compared with Eq.(4.9) of 
from ours. 
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As explained in Section the open- and closed-string parameters used in the descriptions of 
the amplitude are two kinds of coordinates of the moduli space of conformal classes of cylinder 
with M + N punctures at the boundaries. Two ends of the moduli space which are located 
at = 0 and = -f-cxo play important roles in the zero-slope limits. The field theory 
amplitude ( p.2|) is obtained by a suitable magnification of the integral ([7.51|) on an infinitesimal 
neighbourhood around = -f-cxD. We need to focus on the region 0 to know the UV 

behavior of the gauge theory. As is the case of the scalar field theory, a possible resolution is to 
take a zero-slope limit such that an inhnitesimal neighbourhood around = 0 is magnihed. 
It becomes effective to use the closed-string parameters near this end. The zero-slope limit 
which we examine is essentially the same as that was examined for the open-string tachyons. 
Explicitly we take the limit by fixing the following parameters : 


sh) = 


(Jr 


(8.3) 


In the limiting process we £x open-string tensors and 9^’^ as well to capture the world- 
volume theory. The auxiliary parameters in the above are the rescaled ones used in the integral 
([7.52|) . In contrast with the previous scaling we keep them intact. This is because the present 
limit is not expected to allow a naive world-line description. As can be observed in the expres¬ 
sion ( [7.53|) these parameters are nothing but the auxiliary parameters used for the description 
of gluon vertex operators in the boundary state formalism. 

Relevant integral form of the one-loop amplitude is given by Eq. (|7.52|) or equivalently 
Eq. (|7.53|) using the boundary states. We slightly generalize the amplitude by dropping out 


the factors nr=i (— 




( — 


and introduce the following quan¬ 


tity : 


fioo M+N 


ar=0 
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pzoo iVi-piv ^ 

JiO r=l 

, M+N-l 

JJ djr {Bd\ 0 (^Bn[A\] { aj ; {jm+i, ■■■, {(Tm+n, 

M 

5jv[A]; {aj; (ai, , {jm, k^^'>)\ ® \Bd) 


r=M+l 


-^Q + -^Q~^ 


X qc 


r=l 


(8.4) 


where the integration is performed on the region (|3.66|) . The U{1) symmetry of the one- 
loop diagram is hxed by putting Jm+n = 27r. When the gluon vertices satisfy the on-shell 
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conditions the above Ja coincides with the original amplitnde. It is an off-shell generalization 
slightly different from the original one. 

The zero-slope limit can be obtained by a calcnlation parallel to that of open-string tachyons. 
The operations ^ carried ont on the dominant term of the a'-expansion with- 

ar=0 

ont difficnlty. The following integral tnrns ont to be the zero-slope limit : 

. j - 1) } 
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llda, J] 
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1/4 ^M+N-1 


n 1 




/ i W T i \ — J. 

n n 

r=M+l M+l<r<s<M+N 

M+N ^ . 

r=M+l 


(8.5) 


where the integral is performed over the region ( |4.11|) and the closed-string metric is understood 

^ {ecer -' 


as g 


(27ra')^ 


As was pointed out in the previous study of the scalar held theory, the zero-slope limit 
based on the closed-string parameters describes physics at the trans-string scale of the world- 
volume theory. All the perturbative stringy states of open-string contribute to the limit. They 
bring about a striking contrast between the two limits. We can hnd the propagator of closed- 

is the curious 


string tachyon of momentum K in the limit (|8.5|) while the counterpart in 
regularization factor. In that limit there appear terms describing correlations between two 
gluons inserted at and T*. These correlations are caused by the kinetic energies of the 
propagating gluons. But they are lost in (p.5|) and gluons become topological in this limit. The 
disappearance originates in the modular transforms (p.64|) . 


It is also possible to rewrite the limit (^.5|) in terms of the Moyal products. The translation 
can be made in the same manner as we translated the tachyon amplitude ( [4.10| ) into ( |4.15| ). 
We obtain 
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wO'M+Af J 


(8.6) 


where the integrations on cr^ are performed over the region ([4.11|) . And xo(a) is the straight 
line given by Xgla) = + 0^'^poy^. This allows ns to write down the generating fnnction of 

the amplitndes in terms of open Wilson lines. By snmming np the above eqnation with respect 
to M and N the zero-slope limit becomes as follows : 
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( 2 a ')26 

-detG 


(2ir) 
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26 
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(2ir) 
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P gi/o^’'rfo-.4^(xo(p)^(p 


X <1 M^(xo(27r))^(27r) 


(8.7) 


The last term, which makes the eqnation asymmetric, appears owing to fixing the t7(l) symme¬ 
try of the open-string diagrams. Modulo this asymmetry the generating function is factorized 
at the zero-slope limit into a sum of products of straight open Wilson lines. Open Wilson lines 
with the same velocity interact with each other by exchanging closed-string tachyon with 

momentum p^^. 
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9 Open Wilson Lines in Closed-String Theory (II) 


9.1 Straight open Wilson line and closed-string tachyon 


It was shown in disk amplitndes of a closed-string tachyon scattering with arbitrary nnmber 
of glnons tnrn ont to generate a straight open Wilson line in Seiberg-Witten’s zero-slope limit. 
The path is a straight line connecting and where po is the momentnm of the 

tachyon. The displacement 6^'^pou is reqnired by the gauge invariance |^|. In this section we 
hrst reproduce the above result by using the boundary states constructed in Section |^. Com¬ 
putations provided below become also helpful for our subsequent investigations of generically 
curved open Wilson lines. 

Closed-string tachyon state with momentum and its BPZ dual state are given by 


Ipotv) = lim Vt{(J,t;po)\0) = , (-povl = 


T—> —OO 


(9.1) 


Disk amplitude of the closed-string tachyon scattering with M gluons is obtained in the bound¬ 
ary state formalism by integrating the overlap (—Pow |-Bv[^]; (o'!, , {aju, on its 

moduli space. To evaluate this overlap, we start by computing the overlap with the auxiliary 
boundary states. This becomes 
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(9.2) 


The zero-slope limit can be read from the RHS as follows : 
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This gives 
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(9.4) 


where yo(cr) (0 < a < 27r) is a straight line defined as 


yp(a) = dP’^po, 


a 


(9.5) 


In the above we have used the following equations to obtain the last equality : 
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The relevant moduli parameters are with 0 < ui < ■ ■ ■ < aM < 2,71. Their integration 
will give us the amplitude. Eq.(|9.4|) yields 
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where the Moyal products are taken with respect to x. The straight open Wilson line is obtained 
from the above eqnation by snmming np with respect to M as follows : 
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E •“ / n 
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detG^^^ 4 
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(27r)P+i 


P* exp ( i (x + i/o(cr)) 


'0 


dcr 


* , (9.8) 


where the path is taken along the straight line Xq((j) = x^ + Pg (n). 


9.2 Curved open Wilson lines and closed-string states 

Taking acconnt of the fact that closed-string tachyons give rise to straight open Wilson lines, 
Dhar and Kitazawa snggested in that flnctnations of open Wilson lines should originate 
in the massive states of closed-string. They conjectnred a possible correspondence between 
the pertnrbative massive states of closed-string and the gange theory operators obtained as 
the coefficients in a pertnrbative expansion of open Wilson line (the harmonic expansion at 
the straight line). In this snbsection we prove their conjectnre. We show, in a self-contained 
fashion, how one can obtain curved open Wilson lines and present an explicit correspondence 
between their flnctnations and the closed-string states. 

Let P^{cr) be a loop in the momentnm space. The harmonic expansion is given by P^{cr) = ^ 
Pofj. + ■ We first introdnce the following out-state of closed- 

string : 


{Q{'il)n,i>n]Po) \ = (0| : exp [ i j daP^{a)X^{a) 


r- 27 r 


(9.9) 


One may think of this state as a stringy extension, (or a generalization to inclnde the massive 
modes), of the closed-string tachyon state. The oscillator representation can be read as 


(0(V’n, V’n;Po)l = (-P0w|]^exp 
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2 n 


idPn^iC^n T 


(9.10) 


This tells us that we can write the state in terms of the coherent state given in Appendix ^ as 
follows : 


(O(V’n,'0n;Po)| = (-POVI ® JJ 
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( 9 . 11 ) 


where —■^'0n are the coherent states (A+, | of the n-th levels defined in Eq. (|B.5D 

with setting the complex variables A+ = and A“ = One can readily hnd that 
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for n > 1 


{n{i>n,i>n;Po)\a-n = 


'a! 


'a! 


(^(V'n, V’n;Po)| , 


(9.12) 


Recalling V'n is the complex conjugate of '0n, one can think of the state (r2('0„, ipn] Pq) \ as a real 
section of the coherent state of closed-string. Eq. (|9.1CI|) also yields the following equalities : 
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(9.13) 


n=lp=Q 


where m{n, p) and m'{n,p) are integers greater than or equal to zero. This implies that the 
state (VL{pn-iPn]Po)\ is a generating function of the closed-string states which are off-shell in 
general. 

Now we wish to compute overlaps of the above state, instead of the tachyon, with the 
boundary states. Since it is a generating function of the closed-string states, these overlaps 
give us a generating function of amplitudes between closed-string states and gluons. We will 
show in the below that the zero-slope limit of this generating function is nothing but an open 
Wilson line taken along a curve parametrized by pn and pn- 

By using Eq.( p.l2|) , we obtain 
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The zero-slope limit can be read from the RHS. In the present limiting procedure, we have 
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(9.15) 


This enables us to hnd out that 
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Here we introduce y^{<j) with 


y"(<’) = yS(^) + . 


(9.17) 


where 


1 1 °° 

1 1 I 


^ n=l 


(9.18) 


It is a curve deviating from the straight line |/o(o') and the deviation is denoted by ?/^(cr) 
It follows from Eq.(|9.16|) that 
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This takes essentially the same form as Eq. (|9.4|) with the straight line 2/0 (‘^) replaced by the 
curved one y^icr). Therefore, performing the same rearrangement as carried out in the last 
subsection, we obtain 
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X . (9.20) 


This is the open Wilson line taken along the curve x^{a) = x^ + y^{(p)- 

Thus we have shown that the zero-slope limit of the generating function of the amplitudes 
between closed-string states and gluons becomes the open Wilson line multiplied by a Gaussian 
weight. The path is curved by V’n and As can be seen in Eq.( p.l3|) , these variables originally 
measure condensations of the n-th massive modes of closed-string. 

This completes the proof of the conjecture. 


Overlap with graviton 


As has been mentioned, the overlap (r2(V’n, V’n;Po) |-Bv[A]; (cxi, fcd))^... ^ {aM^ k^^^)') serves as 
a generating function of the amplitudes between closed-string states and gluons. As an illus¬ 
tration, let us consider the case of gravitons. 

The graviton states can be written as follows : 
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(9.21) 
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where h^y{pQ) denotes the polarization tensor of graviton which is symmetric and traceless. 
Using Eq. (|9.19|) , we obtain 
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This reproduces the result obtained in Appendix A of In fact, combining the above 
equation with Eq.( |9.21j) , we obtain 
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where the properties of h^u{po) are used in the following manner : 

{eGey’"\ ^ {eGey^ 


(9.23) 


0 = a'g^^h,M = V(Po) - V(Po) • (9.24) 

It is worth emphasizing that Eq. (|9.23 ) is derived without using the on-shell conditions of gravi¬ 
ton, i.e. neither g^''pof,hux{Po) = 0 or a'g^'^po^po^ = 0. 


9.3 Reparametrization invariance of open Wilson lines 

Wilson lines in gauge theories are invariant under reparametrizations of the paths. Transfor¬ 
mations analogous to the reparametrizations are generated by — L_n in closed-string theory. 
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In fact, Ln — L-n can be identified with vector fields — z~'^~^^dz on the world-sheet and 

at r = 0, where the boundary states reside, these vector fields have the forms of We 

have observed that the action of diffS*^ on the boundary states is identihed with the action of 
the closed-string BRST charge. The boundary states are in general not BRST-closed. Hence 
the reparametrization invariance of open Wilson lines indicates that the action of diffS*^ or the 
BRST charge Qc becomes null at the zero-slope limit. 

Let us verify the above observation. By making use of Eqs.( p.ll|) and (|7.19|) , we obtain for 
Vn G Z 
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Combining Eq.(p.25[) with Eg. (p.2(]|), we find that in the zero-slope limit 
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where e„ denotes an infinitesimal parameter. This shows that at the zero-slope limit —1/_„ 
give rise to infinitesimal reparametrizations cr i— >■ cr' = cr -|- where Se^'^a = —This 

can be checked by recalling that the pull-back A{a) = ^K^Afj,{x+y{a)) on the path transforms 


under the infinitesimal reparametrizations as A{a) i—>■ A{a) + Si^'^A{a), where 

From this, we can write the integrand in the RHS of Eq.( 9.27 ) as follows : 


(9.28) 


M 

E 

r=l 


A 

da. 


■enC 


\ dy^{ai) 
\ dai 


Af,{x + y{ai)) ^ * ■ ■ ■ * 


I d|/ (ctm) ^ ^ y^au)) 
I da^ 


>M 






>M 


(9.29) 


The above integrand is a total derivative with respect to each The ar integrations 
in (I9.27D give rise to surface terms. Let us show that these surface terms actually cancel out. 
Taking account of the integration region of ar being [ar-i, ar+^ for 2 < r < M — 1, the following 
equality holds for arbitrary JF : 
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This leads us to find 
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Here we have used the cyclic property of the Moyal product inside the integration: f f{.x)'k 
g{x) = f g(x) :k f(x). Let us recall that plays a role of a translation generator on 

the non-commutative space-time: 

f(x) * * fix - 9po) . (9.32) 

Combined with the relations ^{2n) = ^(0) and y^{27r) — y^{0) = O^'^Pou, this tells us that 
Eq. (|9.31| ) is vanishing and so is Eq. (|9.27|) . 

Therefore we have shown that the action of diffS*^ on the boundary states reduces to in¬ 
finitesimal reparametrizations of paths of open Wilson lines and becomes null at the zero-slope 
limit. The situation is summarized as follows : 
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(9.33) 


9.4 Factorization by closed-string momentum eigenstates 


exp 


2tt 
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We have seen in Section |] that analogues of open Wilson line, V, 
factorize the generating function of one-loop amplitudes of open-string tachyons at the zero- 
slope limit. Decompositions of the string amplitudes made by insertions of the unity, 1 = 
J[dP/v]|PAr)(PAr|, play an important role to gain the factorization ( |6.12|) . With the same ma¬ 
nipulation one can expect that a similar factorization is also obtainable for the amplitudes of 
gluons. Prior to the actual computations, let us explain briefly why the decompositions via the 
momentum eigenstates give us open Wilson lines or their analogues. 

To make the discussion transparent we start with the momentum eigenstate (—PatI. As 
described in Eq.(p.42|), we can write the state as 
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(9.34) 


Taking account of its use in the decompositions of the amplitudes we should consider the state 
{—PYdc ° ° rather than (—PatI. Let us also recall that the above V'n and are rescaled 
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appropriately in order to obtain the factorization ( |6.12| ) and that the rescaled variables are kept 
intact under taking the limit. To be explicit, we denote the rescaled V’n and by the following 

fn and V'l : 

— — Hl IL — 

i'lpnf,, ^ = (2gc • (9.35) 

Oscillator representation of the state {—Piq\qc ° ” can be read as follows by using these 

rescaled variables : 
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(9.36) 


Now it is clear that this state reduces to the state (f2(V’(i, V’n;Po)| at the zero-slop limit : 
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(9.37) 


As we have seen in subsection |9.2| the above state is a generating function of the closed-string 
states and its overlaps with the boundary states lead the open Wilson line taken along the 
corresponding path. 

We will compute the factorization of the generating function of one-loop amplitudes of 
gluons. We will restrict ourselves to 25-brane in the critical dimensions. Computations become 
parallel to those given in Section ^ but much complicated. The factorization at the zero-slope 
limit by open Wilson lines are given in Eq.( p.44|) . 

Let us study factorizations of the following amplitudes : 
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(9.38) 


Oscillator representations of the boundary states of gluons are unsuitable for computations of 
the amplitudes. We instead consider the corresponding amplitudes in auxiliary forms. Let us 
decompose the string amplitudes (|7.36|) by using the momentum eigenstates as follows : 
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(9.39) 
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Here we have changed the integration variables from P^(cr) to —P^(ct) for the later convenience. 
The amplitndes (|9.38|) are obtained from the above by the operation 


d'P —0 


Each factor in the above decomposition can be evalnated by nsing the oscillator represen¬ 
tations. These are given in Eq.( [f.23| ) (and Eq. (|7.33|) ) for the bonndary states, and Eq. (^.21|) 
(and its hermitian conjngate) for the momentnm eigenstates. We then need to compnte matrix 
elements similar to Eq. (|6.2|) . Eq. (|B.7|) enables ns to calcnlate them. After the rescaling (|9.35|) 
of xfjn and i/'n obtain the following expressions : 
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(9.40) 


where we have newly written {'ipn^,'ipn^) as igprit^'^nii)- 

We examine the zero-slope limit of the above expression. The limiting procedure we con¬ 
sider is the same that was investigated in Section ^ to capture the UV behavior of the non- 
commutative gauge theory. It is taken by fixing parameters and besides 

the open-string tensors. -0^ and in Eq.( |9.4CI|) are also left intact. This yields 
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(9.41) 


where y^{(j) is the curve given by Eq. (|9.17|) . 

The zero-slope limit of the amplitudes (|9.38|) can be obtained from the above by the opera¬ 
tions Y\.^=i^ ! which are carried out without difficulty. The zero-slope limits turn out 


to be as follows : 
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(9.42) 


r=M+l 

Factorized form of the M + N gluon amplitude is obtained by integrating the above ampli¬ 


tude over the moduli (|4.11|) , where we set (Tm+n = 27r in order to fix the U{1) symmetry. This 
gives rise to the asymmetric term of the factorization (^.7|) at the zero-slope limit. In order to 
avoid complexity of expressions we ignore this gauge fixing in the below and integrate <Jm+n 
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over aM+N-i < (^m+n < 27r. The integrations over turn out to be written by using the 
Moyal products : 
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Factorization of the generating function of the amplitudes ( lj.38|) at the zero-slope limit can 
be obtained from the above by integrating out the gluon momenta kr and then summing up 
with respect to M and N. It turns out to have the following form : 
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^ QipOiJ.xi^ 


10 Duality between Open and Closed Strings 

So far, momentum eigenstates of closed-string play a crucial role in our study. Their overlaps 
with the boundary states provide open Wilson lines at the zero-slope limit. The eigenvalues, 
that is, loops in the momentum space become paths of open Wilson lines after suitable rescal¬ 
ings. In this section we wish to deliver the other side of the story. The following discussions 
include much speculation and therefore they are incomplete. 

Let us hrst observe that the auxiliary boundary states of gluons are eigenstates of the 
momentum operator (a). The boundary state B]y[A]; {ur}; {ai, {aM,k^^'^)'^ 

has the eigenvalue equal toQ ~ S (a — ar). Therefore this 


state is proportional to the eigenstate 


of the corresponding eigenvalues. This can be 
seen by a comparison between oscillator representations ([7.23|) and (|5.37|) of the boundary state 
and the momentum eigenstate. In terms of the parametrization (^.26|) the above eigenvalue 
corresponds to 


M 


Qn, = V2Y, - inarA^ik^'-^)) , 

r=l 

M M 


( 10 . 1 ) 


r=l 


r=l 


By using these values of and the precise relation between the two states can be written 
as follows : 

Bn[A]] {a^}; (cTi, , (ctm, 

oo . 

+ iarfnA^ik^''^)A,{k^P 

71=1 ^ 
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M 

= 

r=l 


r<s 


The eigenvalue becomes complex but this causes no trouble in the subsequent arguments at least formally. 
Such subtlety does not occur in the tachyon case. 
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( 10 . 2 ) 
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Pl?\o) = Y. - «-rA,{k‘-^)d„,) S(a - 


r=l 


where we have used Cp(s) in 


as the normalization constant of the momentum eigenstate 


and represented it in terms of open-string tensors. 

Let us comment on the multiplicative factors appearing in the above relation. As can be 
seen from Eq. (|3.30|) , the second line on the RHS comes from the terms proportional to 6 of disk 
Green’s functions at the world-sheet boundary (the boundary circle). As regard the exponential 
in the hrst line on the RHS, we might think of it as being related to short distance singularities 
between the gluons on the boundary circle. In fact, by recasting the exponent into the following 
form. 


n=l ^ ' 

= (fcW - {k[^^ - In | , (10.3) 


we find a singularity similar to that appearing in the OPE between auxiliary gluon vertex 
operators. 

In the same way, concerning the dual boundary states, we obtain the following relation as 
well: 


^n; {flr}; (o-i, , (au, k^^^) 


M 

n 


n=l ^ 

M 
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X (’(<^) = - E (b'’ - S{c - a,) 
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(10.4) 


where {P^'^\ denotes the hermitian conjugate of 

Boundary states of open-string tachyons are obtained from auxiliary boundary states of 
gluons by letting their auxiliary parameters vanish. Hence these boundary states are also 

Rat; (ui, k'P)^ • ■ ■, (um, has the eigenvalue 

Pl^\a) = — (Tr) and we can write the state as follows : 

Bn] (cTi, • • •, (ctm, 


eigenstates of P^^\a). The boundary state 
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M / °° 1 \ 

= n exp ^ ^ x e"* 5:“. Ef., 

r=l \ n=l ' / 

M 
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r<s 


( 10 . 6 ) 


We would like to discuss physical meanings of the momentum eigenstates appearing in 
Eqs. ([10.2 ) and (|10.5|) . We henceforth concentrate on gluons. It is because analyses for the 
tachyon can be carried out in a parallel way to the gluon case and the formulae for gluons 
reduce to those of tachyons by setting the auxiliary parameters = 0. Let us regard the 
momentum eigenstate (^Pli^\a) = — J2r ~ 6{a — cr^) as a boundary state. 

The associated boundary action Sb can be obtained by following the prescription in 

It is given by 

/ M 

^ ^ ^ ^ 5(a - a,) 

\ r=l 

where IWat) is the coordinate eigenstate in (|5.31|) . Overlaps (^Pji^^ can be computed 

for arbitrary eigenvalues by using the formulae ( |B.7|) in the oscillator representations of the 
eigenstates. The overlaps take the following forms : 


( 10 . 6 ) 
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-)V detgf,, 
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xexp dcrQs^,X^(a)a.W'^(cr)-X^(cr)Pf)(a)^ . (10.7) 

We apply the above formula to Eq. (|10.6|) with putting 

M 

PlF\^) = - - arA^{k^^'>)d^^) 5{a - a,) . 

r=l 

This enables us to find that the boundary action Sb [X; becomes, modulo constant terms, 

Sb [.T; F'«>] 

p2n / -I ^ 

= -t j dai -B^bX'‘(a)a,X‘'(a) + ^ (iM - o,yl„(ib))g_^ ) s{c - <T,) 

( 10 . 8 ) 

The above boundary action appears naturally in the path-integral formalism of world-sheet 
theory of string. Let Qa ((o'!, kA>)b • • •, (um, be the correlation function of M gluons in 
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the auxiliary forms with momenta and polarization vectors on the world-sheet 

disk. In the path-integral approach the correlation function can be expressed as 


Ga ((c^i, k^^'^), ■ • •, (um, k^^'^)) 


= / [dX^ 




, (10.9) 


where 5'[X] is the world-sheet action We can recast the RHS of this equation into 

Qa ((o-i, , (c^M, k^^^)) = j , (10.10) 

where S'efr[X] is the sum of the bulk free action S'o[X] and the boundary action ^^[X]: 5'efr[X] = 
S'o[X] -|- S';,[X] with 
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^o[^] = 


dvra' Js 
^^[X] = —i f da 


dTdadaX^{a,T)d°‘X^{a,T)gMN , 


( 10 . 11 ) 
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B^,X^{a)d,X’^{a) + X'^(a) (A;« - arA^{k^^^)d^^) 6{a - a,) 


r=l 


Here we have used dfjX^{a) ■ 6{a — a^) = —X^{a)dcrS{a — a^) = X^{a)dfj^6{a — cr^). We 
hnd that the above boundary action ^^[X] is identical with S}, [X;P('®)] given in Eq.( |10.8|) . 
Boundary conditions of X^ can be read from variation of S'efr[X]. It turns out to be P^^\a, 0) = 
“ Y.tLi ^ - arAfj,{k^'^'^)da^'^ 5{a - ar), as expected. 

These observations on the boundary states and the momentum eigenstates seem to indicate 
a chance to interpret boundary states of open-string legs as momentum eigenstates of closed- 
string with eigenvalues being delta functions on the boundary circle. Our expectation is, in 
fact, beyond this. Let ns recall that the momentum eigenstates are expressed in Eqs. (|5.4CI|) and 
(^.42|) by using operators of the form 


exp ( i / daPfj,{a)X^{a] 
IdT. 


where X{a) are the closed-string coordinate operators and : : denotes the standard normal¬ 

ordering of closed-string. If we forget about X(cr) being quantum operators, we could write 
down the exponential, without any hesitation, in the path-ordered form along the boundary 

OldE d(rPJa)X^^{a) 


circle, V exp daP^(a)X^(a)J . Since X(cr) are quantum operators the path-ordered ex¬ 

ponential becomes vague without a prescription. Namely we need to regularize the path-ordered 
integral. Relevant regularization in place of the above normal-ordering will be discretization of 
the boundary circle. In such a regularization scheme the eigenvalues P(a) are regarded as sums 
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of delta functions on the original boundary circle. This leads us to the conjecture : Momentum 
eigenstates of closed-string have expansions by means of boundary states with open-string legs . 

Finally we would like to mention some related issues. As we carried out to a certain 
extent in this paper, our boundary states enable us to perform off-shell calculations. This 
suggests that these states can be used in a covariant formulation of a held theory of interacting 
open- and closed-strings. String held theory that has prediction power for the open-closed 
mixed systems has been required also in our understanding of unstable D-branes and tachyon 
condensations associated with them |^4[. It seems probable that boundary states with open¬ 
string legs constructed here are generalized to vertex functions between open- and closed-strings 
in such a held theory. We plan to discuss these issues elsewhere. 
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A Open-String and Closed-String Tensors 


Let gfj,u and be a flat space-time metric and a constant two-form gange field of closed- 
string. These are called closed-string tensors in the text. is given by their combination as 
+ 27ia'B^^. In [|^, open-string metric G^i, and non-commntativity parameter 6^'^ 
are obtained respectively from symmetric and anti-symmetric parts of : 


E 2na' ’ 


(A.l) 


where = {G Tensors and 6^^ are called open-string tensors in the text. The 

above relation implies : 
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It is also possible to express the closed-string tensors by means of the open-string ones : 
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The tensor N^i, = (^g^E ^^is nsed freqnently in the text. This tensor enjoys the following 
relations : 
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Eq.(|A.5|) implies 
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Combination of Eq. ( |A.5|) with Eq.( |A.2|) gives the following eqnalities : 

g'^'^+ig-^Ng-^Y^ = 2 
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B Some Formulae of Creation and Annihilation Modes 


We present formulae which become very useful for computations of string amplitudes in the 
text. As an illustration we derive Fa in Eq.( |7.39|) (and F in Eq.( |3.47|) ). 


B.l The formulae 

Formula B.l Let u^, v^, and he arbitrary complex {p + l)-vectors. Let and be 
any complex (p + 1) x (p + 1)-matrices. The following equality holds : 
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9 «-r 


|0) . (B.l) 


Use of coherent states becomes convenient to see the above equality. Let be complex 
(p + l)-vectors (n = 1, 2 ,...). Coherent state |A+, A“) of the n-th level oscillators is dehned as 


l^n, \ ) = exp - 


| 0 ). 


(B.2) 


Xf;^ becomes eigenvalues of the annihilation operators af^ and respectively 


< |A;t, A;) = g^-^Xf, |A+ A;) , < |A+, A;) = g^^’^Xy, |A+ A;) . 


(B.3) 
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Foe each tt,, the coherent states |A+,A^) constitute a (over)complete basis of the Fock space 
built by The completeness relation reads 


1 = 


n 






2'Kin 


27rin 


X lA+, A„) exp -- 


("^n ) ^r, 


(B.4) 


Here (A+, A^ | denotes the hermitian conjugate of the state |A+, A^). It takes the form of 


= (0|exp 


n 


(A 


q,m + 

nfi^n ' 


(B.5) 


where are complex conjugate to Aj^^ and become eigenvalues of the creation operators 
and d'^n- 

Formula m can be shown by making use of the above partition of unity. We only describe 
an outline of the proof. We hrst insert the unity given in Eq. (p.4|) between the two exponentials 
on the LHS of Eq.( p.l|) . This makes the LHS into Gaussian integrals with respect to (A^, A+) 
and (A“, A“). These Gaussian integrals are performed successively by using the relation 


/ n exp [- (A^ + a^) (A, + /?,)] = , (B.6) 


for Va^, (3^ G and any (p+ 1) x (p + 1) matrix M^''. Then we obtain the RHS of Eq. (p.l|) . 


The following formula is a corollary of Formula p.l 
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It is worth noting that a similar formula to Formula |B.1| is used in open string held theory 
(see e.g. Eq.(B.2) of [^]). In particular, when we restrict and to symmetric matrices 
and change the variables from and to and {i = I, II) dehned in Eq.( |C.8|) , 

Formula |B. 1| reduces to the formula (B.2) of Formula |B. 1| can be regarded as a closed-string 
extension of it. 


B.2 Applications 


In this appendix, we derive Eqs.( p.4^ ) and (|7.39|) . This also serves as an illustration of usage 
of the formulae. 

Contributions of the massive states of closed-string propagating between boundary states 
of tachyons are denoted by F Wr}, in Eq. (|3.45|) . Those between boundary states of 

gluons are denoted by Fa {qc, Wr}, {nr}) in Eq.( [7.37|) . Their oscillator representations 

(|3.46|) and ( [f.38|) imply that Fa reduces to F by setting Va^ = 0. We therefore focus on 

Eq. frr^) . 

The representation ([7.38|) allows us to evaluate Fa by applying Formula |B.2| with the fol¬ 
lowing substitution : 
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(B.8) 


In what follows, we will calculate each term in Eq. (|B.7|) with the above substitution. In this 
course the following relations will be used implicitly : 


(g - = (9 - fiP) 99 -'fiB))^^ = (1 _ 9 «) g^. 

First, the determinants in the RHS of Eq.([B.7|) become as follows : 
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As regards the exponential in the RHS of Eq.( |B.7|) , the hrst two terms of the exponent are 
translated to 


nu 
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r=l s=M+l 


We can recast the third term as follows 
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r=M+l 

The last term of the exponent tnrns ont to be the same as ([B.12| ) with shifting the indices r 
and s to 1 < r, s < M. 

Contribntion of the n-th level oscillators is obtained by gathering all the above resnlts. 
Contribntions of the massive states are given by the inhnite prodncts taken over all the levels. 
These tnrn out to be written as follows : 
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H 


X exp 


/M+N 


/M+N 


n (1 - g") 

M+Af 


-2a'G'“' E E + E Mk^'''’)Mk< 


r)] 


X 


E 


\ r=l 

Qc 


\ S=1 


r=l 


^ n (1 - g^) 
where we have used the following rearrangement : 

M+N 




— 


r=l 


(B.13) 


( M+N \ /M+N \ 

E h"’ G'"' E '=!■“' - 2 E kj:’G'‘-k/> 

r=l ) V s=l / l<r<s<M 

M M+N 

-2E E G>“'k<;>k</-2 Y1 fct’G'"'*'*’■ (B.14) 


r=l s=M+l 


M+l<r<s<M+N 


The inhnite sums in Eq. ( [B.13|) can be translated into inhnite products by using the following 
relation : 


E 


X 


^ u (1 — g") 

n=l ' ' m=0 

After these translations we obtain Eq.( 7.39|) . 


111^(1-^^ • 


(B.15) 


C Eigenstates 

We provide oscillator realizations of eigenstates of the closed-string operators X^(cr), -P^(cr) and 
P^^\o'). These are used in the text. 

To start with, it is useful to recall coordinate and momentum eigenstates of a harmonic 
oscillator in quantum mechanics. Description of this system is made by an annihilation and 
a creation operators a and satisfying [a, a'*'] = 1. Let g and p be the coordinate and the 
momentum operators satisfying [g, p] = 1. The operators (a, a^) are related with the canonical 
pair (g,p) as 

“ = (r« - • 
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(rs + ra) , p = 


-i f I 


' ' ^ ^^ 72 Vf“ r“; ’ 

where F G C is chosen so that l/a;|rp becomes the mass of harmonic oscillator. Here uj is the 
frequency. Let |g) and \p) be the eigenstates of q and p. They are normalized by {q'\q) = S{q'—q) 
and {p'\p) = S{p' —p). It is possible to realize these states on the Fock vacuum |0) by using aL 
They are given by : 


(C.l) 


\<l) = 


\P) = 


exp- a'a' ^ - qa' 

^ 2 r r ^ 


x'*'a'*' + i\/2Vpa^ - —p^ |0) . 


(C.2) 


The above realizations of coordinate and momentum eigenstates are generalized to the 
case of string. We hrst expand the coordinate and the momentum operators of closed-string 
by suitable canonical pairs, typically denoted by {pn\^n^) {i = 1,11; n = 1,2,..). For the 
each pair, we introduce creation and annihilation operators, typically (cin^an^^). We then 
realize eigenstates of the canonical operators and by using the creation operators 
Eigenstates of the coordinate and the momentum operators of closed-string are given by their 
inhnite products. 

In order to obtain canonical pairs, we expand Pfj.{(j) and P^i {a) by a real basis of 

the periodic functions on a circle: {1, cosna, sinna}^^. 


X^{a) = 


P,i^) = 




cos na 


+ 


smna 


POfM + V2 ^ ( 


cosna + 7r<J) sinner) , 


= TT- Pof^ + V2j2{^nlcosna + w^^J^smna) 


(C.3) 


The canonical commutation relations between and Pnic) are converted into 

the following relations among the hermitian operators ifnl and Wnl {i = I, II; n = 1, 2,...): 


K,Pou] = , 

and the others are vanishing. These can be derived from the following relations as well; 


(C.4) 


(«n + < - a-r 


Fn 2n ^ ” 


< - < + - a% 


— ^Z—^9^^ly {c^n + “n + Oi-n + “-n) 
ly a! 

^ (II) ^ ( y V l~^'^ 

- «n - a-n + «-n) 
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{E^uK - El^al - E^^a''_^ + 


(C.5) 


Let us begin with the canonical pairs {0n^^, For these pairs, we introduce annihilation 
and creation modes [cL'n^-, by 


= \/^* (at’" - af'") . #S = \l^s^ + “J.®") 


They satisfy 

|a!‘>". . 

It follows from Eqs. (|C.5|) that these modes are expressed as 

1 

a/^ 


(C.6) 

(C.7) 


(%= « + aj) . ««■)<■= ‘ '-<* 




[a1„ + 


af («n - ttn) , («-n “ ^-n) 

y 2n y 2n 


(C.8) 


Eqs.( |(J.6D take the same forms as Eqs.( |(J.l]) with F = i\ Therefore, Eqs. (|(J.2| ) enable us 


to write eigenstates 
as follows : 




) of and with eigenvalues G x 

^J- det 


P+1 

_ / n \ 2 


Vvra 


X exp 
i=i,ii 


ia«‘>%„a«‘i''- i+J* 




|0), (C.9) 


In the same way, eigenstates 
X R^’^^ become : 


TTn^vTn^A of TT®^ and with eigenvalues (vr®^,G 


k® = 

r‘n 5 n / 


a 


. X P+1 
' \ 2 


X exp 
i=I,II 


TmJ det 

1 
2 



0^+"' + a/— 


2n 


n(i^ nv 


|0) . (C.IO) 


By the construction, these states are normalized as follows : 


(■#■?>, ■>2" I >. 4") = n W’" - ■>«’") ■ 


^1=0 

p 


{T^n\ T^T I = n ^ “ ^S) i'^nf ~ 

/^=0 


(C.ll) 
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Eqs. (|(J.8|) make it possible to write these eigenstates in the forms of Eqs.( |5.14|) and ( |5.23| ). In 
the text we nse complex variables {Xni Xn) — (0®^ + and write the coor¬ 
dinate eigenstates as \xn, Xn) = 0ri\ As for the momentnm eigenstates, we nse complex 

variables 'ipnfi) = {T^nl + tt® - and write them as \ipn, tpn) = T^n\ 

Next we consider eigenstates of PI^\(t). Taking acconnt of Eqs. (|C.5|) , let ns write the 
expansion modes wPl {i = I, II; n = 1, 2,...) 


as 


where and denote 

p(i)M . 


In 




1 r/1 


(C.12) 




(ii)/. _ 


n 


'In 




I \E^ 


<; I —9 I a; - ( —^ ) a; , , 




{\ET 


9 «-r 


-^9 I a-r 


They tnrn ont to satisfy 




(C.13) 


(C.14) 


Comparing Eqs. (|C.12|) and (|C.14|) with Eqs. 
zun^, zun^^ ) of zh® and are obtained from 


S„„ - ; (a«^ atW") ^ (gX . 


'|C.6|) and (|C.71) , we can End that eigenstates 
TTn^TT® ) by the following replacements : 


(C.15) 


Thns we have : 


a 


p+i 

' \ 2 


7mJ det 


X exp 
i=i,ii 




|0> . (C.16) 


Snbstitntions of Eqs. (|C.l3 ) into the above realizations make the states in the forms (|5.29|) . We 
nse complex variables (pn/a, Qnti) = {^nl + izjJnJi\wnl — izxJnl^) in the text and write |p„, p„) = 


(I) (n)\ 

zug', zug ’ 
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